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Abstract

The double inverted pendulum on a cart is one of the classical unstable underactuated systems. In order to
stabilize the system, various control techniques have been proposed. One of the applicable control methods is the
sliding mode control. Even though the method can stabilize the system, the control system is affected by the
chattering phenomena. The purpose of this study; therefore, was to employ the synergetic controller to the double
inverted pendulum system. Furthermore, the set of controller parameters was determined systematically by the ant
colony optimization (ACO). To validate the effectiveness of the synergetic controller, the simulation of the double
inverted pendulum system under the synergetic controller was carried out, and the results were compared with those
of the sliding mode controller. The simulation results showed that the synergetic control could stabilize the system,
and the chattering phenomena in control input signal could be reduced. In conclusions, the synergetic controller with
ACO can be employed successfully on the double inverted pendulum on a cart.

Keywords: Double inverted pendulum, Feedback control, Synergetic control, Ant colony optimization.

1. Introduction

The double inverted pendulum on a cart is one of
the underactuated systems which, has been interested
by many researchers for a number of years, [1-7].
Stabilization of the double inverted pendulum system
is the challenge problem in the control area as several
developed control methods have been employed to
stabilize this system [1-7]. The synergetic control
method is one of the interesting control methods
applicable for various dynamical systems. Previous
works, related the synergetic control method in both
theoretical aspects and applications, have been
presented as seen in literature [8-20]. The development
of the synergetic control theory initially was proposed
by Kolesnikov and colleges [10, 16, 17]. The main
favorable aspect of the method is the smooth control
signal [9, 11, 15]. This characteristic is an advantage
over the sliding mode control (SMC) which has the
chattering in the control signal [5-7, 9, 11, 15, 21]. In
addition, the synergetic controlled system with
appropriate macro variables can have the following
desirable characteristics: 1) global stability, 2)
parameter insensitivity, and 3) noise suppression [8].
Kolesnikov [12] applied this technique to stabilize the
single inverted pendulum on a cart. In general, the
selection or tuning of the optimal control parameters
can be achieved by using the optimization algorithms
such as the particle swarm optimization (PSO) and the
genetic algorithm (GA), [5,19-20,22]. One of the well-
known optimization algorithms is the ant colony
optimization (ACO). The development and use of the

ACO have been presented in previous works [23-29].
The relevant strength of the ACO method is from the
distributed computation [27-28]. To the best of
authors’ knowledge, applying the synergetic control to
stabilize the double inverted pendulum has not been
proposed. Thus, an investigation of the ability of the
SC method with ACO to stabilize the double inverted
pendulum system is the main focus of this study. The
simulation of the control system was used to present
the ability of the SC method for the pendulum system.
The organization of this paper is presented as
follows. The mathematical model of the double
inverted pendulum on a cart is first presented in
Section 2. The details of controller design are provided
in Section 3. Then, the simulation results of the study
are presented and discussed in Section 4. Finally, the
conclusion from this study is stated in Section 5.

2. Mathematical Model

The mathematical model of the double inverted
pendulum on a cart is derived and presented in [2].
This model of the system and related information from
[2] is used in this study. The equation of motion and
the state space representation of the system are
presented in the following two subsections.

2.1 Equation of motion

The equation of motion of the double inverted
pendulum on a cart in Fig. 1 can be presented in terms
of the displacement of the cart ( 6, ), angular

displacement of the lower pendulum (6, ), and angular
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displacement of the upper pendulum (6, ) as Eq.(1),
[2]:

D(©)8+C(0,0)0+G(0) = Hu, M
where
d, d, cos(9,) d, cos(6,)
D(®) =| d, cos(6,) d, d; cos(9, —6,)
d, cos(6,) d,cos(6,—6,) d,
0  —d,sin(6,), ~d, sin(0,)0,
C(0.0)=|0 0 d,sin(6, - 6,)9,
0 —d,sin(6, —9,)8, 0
0 1 0,
G(@ =] ~fsin(®,) |, H=|0| and 0=|6,
—f,sin(0,) 0 0,

The terms d,,d,....d,, f,, and f, are defined as

follows [2]: d, =m, +m, +m,,d, :(%ml +my)L,,
1 1 2 1
d3=5m2L2 > d4:(§m1+mz)|-1 > d5:5m2L1|-2 >

1 1 1
d, =§m2L22, f, =(Em1 +m,)L,g, and f, =5m2LZg ,

where m; , m, , and m, represents the masses of the
cart, the lower pendulum, and the upper pendulum
respectively. The length of the lower and the upper
pendulum are denoted by L, and L, respectively.

v

mog
Fig. 1 Double inverted pendulum on a cart, [2].

2.2 State space representation
Based on Eq. (1), the state space representation of
the double inverted pendulum can be presented in term

0
of the state vector, X = {6} ,as Eq.(2), [2]:
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0 I, 0, 0,
)_.( — =3x3 —37? Z-’r _3_11 + _3_11 u. (2)
0,, -D°C -DG|] [-DH

The linearized state space model can be obtained
from linearizing Eq. (2) around the equilibrium point.
Thus, the linearized state space representation can be
expressed as Eq. (3), [2]:

X=Ax+Bu, 3)

0

=3x3

oG(0)

3x3 O
where A= B=| ~*
~ |-DO" Os |7 {DO‘H}
D(0) @ 2 bOYH

and X =[x X, X, X, % X' :[90 6,6, 6,6, éz]T .

Readers can find more details about the
mathematical model of the system in [2].

3. Controller Design

The synergetic controller design for the double
inverted pendulum on a cart is presented in this section,
together with the ant colony optimization algorithm for
control parameter determination.

3.1 Design of synergetic control

Based on [8-12, 15], the design procedure of the
synergetic control for the double inverted pendulum on
a cart can be presented as follows.

In the first step of the design procedure, the macro
variable, y , is defined as Eq. (4), [8-9, 11, 15]:

y=5(X)=C,Xx “4)

whereC, =[C, C, C, C, C, C,]. The values
of C,, C,,C,, C,, C,, and C, are real constants.

Consequently, the derivative of the macro variable in
(4) can be presented as Eq. (5), [8-9, 11, 15]:

¥ =5(x)X=CyX, ©)

where SAZ):(%) ,[11, 15].

In the second step, the dynamic evolution is
defined to confine the state variables of the system as
Eq. (6), [8-9, 11, 15]:

Ty+y=0, (6)

where T is the positive value. The selection of T is
from the designer [8-9, 11, 15]. Under the control
input, the convergent rate of the state variables
to y = 0 depends on the value of T [8-9, 11, 15].

In the last step, determination of control, U , is
performed. Substituting Eq. (3) - (5) into Eq. (6), the
control input can be solved as Eq. (7), [8-9, 11, 15]:

u=~(CyB)'CyAx-(C,B)'T"'s 0
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According to [11, 15], the proof of the closed-
loop system stability under the SC method can be
presented as follows. First, the Lyapunov function is
written in term of the macro variable, v, as Eq. (8),

[11, 15]:
V =0.5y7 8)

The derivative of the Lyapunov function can be
determined as Eq. (9), [11, 15]:

V =gy ©)

Based on Eq. (4) and (5), V' can be written as Eq. (10),
[11, 15]:

V = s(x)(s, (X)%)
= S(X)s, (X)[Ax +Bu] (10)

Then, evaluating control input,u, in Eq. (7) into Eq.

(10), the derivative of the Lyapunov function, Y, , can
be expressed as Eq. (11), [11, 15]:

V =sC, [Ax+B(~(C, B)'C, Ax
~(C,B)'T9)]
=-sT"'s
=-T's*<0. (11)

Equation (11) implies that the control system is stable
[11, 15]. Thus, the control input in Eq. (7) can stabilize
the double inverted pendulum on a cart. The state
variables of the control system can be driven to the
equilibrium point. More details on the method can be
further determined from [8-12, 15-17].

It is important to note that the synergetic control
(SC) method, and the sliding mode control (SMC)
method have the same important characteristic in
terms of the equivalent control; therefore, the surface
function s(x) or sliding surface defined for the SMC

method can be used for the synergetic control (SC) [5,
9, 11, 15]. Consequently, the techniques such as LQR
and pole placement used in the SMC method can be
utilized to determine the coefficients,C,,...,C, for the

macro variable, i =S(X), in Eq.(4), [5, 7-9, 11, 15, 21,
30-31].

3.2 Ant colony optimization (ACO)

Some optimization algorithms have been
employed with the synergetic control methods for
tuning the controller parameters [19-20]. For example,
the particle swarm optimization was used with the
synergetic control (SC) in previous works [19-20].

The Ant colony optimization (ACO) algorithm
was developed by Dorigo and colleagues and was
inspired by ant activities to search the food with the
optimal paths and presented in previous works [23-29].
In the ACO algorithm, artificial ants are used to
construct solutions by exploring on a set of
optimization variables [27-29]. The movement of ants
depends on the pheromone given by other ants [27-29].

The ACO is a technique to find the approximated
solutions of various optimization problems [27-28].
The ACO was used to find the optimal gain of the state
feedback controller for the single inverted pendulum
[29].

In order to determine the controller parameters by
using ACO, these parameters are considered as the
optimization or decision variables [5, 19, 29].

In this study, the ACO was applied to tune the
controller  parameters of the SC  method

including /11,12,/13,14,15,26, and T [5, 19, 29].

The optimal values of C,,...,C, can be found from

optimal eigenvalues [5, 21, 31]. Based on the tuning
the parameters of the controller by using optimization
algorithm and the ant colony optimization [5, 19, 27-
29], the steps of ACO algorithm using in this paper are
presented as follows: Step 1: The ACO parameters and
the pheromone matrix are initialized. Step 2: The
searching space nodes of each optimization variable
are constructed. Step 3: The random allocation of ants
to the variable nodes is performed. Step4: The
simulation of the controlled double inverted pendulum
system with the corresponding controller parameters
from each ant is carried out. Step 5: The cost function
in Eq. (12) is computed. Also, if the cost function is
minimum, the set of the best controller parameters is
updated. Step 6: The change of the pheromone is
computed and the pheromone matrix is updated. Step
7: Steps 4 to 6 are repeated for each ant. Step 8: Step 3
to 7 are repeated for N iterations.

The ACO is performed to search for the optimal
value of the set of controller parameters to minimize
the cost function which is the integral time absolute
error (ITAE) as Eq. (12), [19, 22, 27-29]:

J= j't|e(t)| dt (12)

4. Simulations

The example of the double inverted pendulum
system under the synergetic control is presented in
subsection 4.1. Then, the simulation results and
discussion are presented in subsection 4.2.

4.1 Simulation example

The parameters of the double inverted pendulum
on a cart which are masses and length of the
pendulums and the cart in Eq.(3) can be presented as
follows [2]: i) m,=1.5kg , m=05kg , and
m,=0.75kg , i) L =05m and L,=0.75m
The initial condition of the system was assumed as
x(0) =[0.0100 0.1047 0.1047 0 0 0]" .The disturbance

. . —(t— 2 2
was the Gaussian function, d(t)=a,e "% /%)

where a, =0.5, b, =0.5,and ¢, =10.
The control parameters C,,...,C, could be

determined by using the linear quadratic regulator
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(LQR) algorithm [21, 30]. The matrices of Q and R
for the LQR algorithm were defined as Eq. (13), [21,
30]:

(400 0 0 0 0 0

0 10 0 00
o=| © O 0 00 aR-1. (3
=10 00 50 00 -

0 00 0 10

0 00 0 0 1]

The numeric values of C,, C,, C,, C,, C,, and C,
given by LQR optimization are 20.0000,
—387.5010 , 628.820 , 39.9246 , 7.6765 , and
101.1541 respectively. The ACO algorithm was
performed for 10 iterations with 100 ants over the
interval of T from 0.05 to 0.1 . The value of T
yielded by the ACO is 0.078258 .

The synergetic control (SC) method was applied
to the pendulum system. Then, the simulation results
corresponding to the SC method were compared to
those of the sliding mode control (SMC) method. The
SMC method used in this study is presented as Eq.
(14),[11, 21, 31]:

u=-(C,B)"'Cy Ax~(C, B) 'nsign(s), (14)

where m is the design parameter [11,21,31]. The value
of nwas selected as n=10.

In order to demonstrate the ability of the ACO for
the controller parameter determination, the ACO was
employed to determine the controller parameters

which are C,,...,C, , and T . Since the values of

C,,...Cs could be found from the eigenvalues ,

Apyeeis Ag 5
considered as the optimization variables for ACO
[5,21,31]. The range of each eigenvalue was from —10
to—4 , and T was constrained within the range from
0.05 to 0.1. After performing the ACO with 100 ants
for 10 iterations, the optimal values of controller
parameters were determined as follows:
i) T=0.073407 i) A4,=-9.2697, 4,=-10.0000,
A=-6.6781, 4,=-4.6467, 1,~=-4.8455, and A= -9.5860.
Thus, the corresponding values of the parameters of
the controller, C,,...,.C, , could be determined as
C,=0.2025 x10%, C,=-0.3379 x10%, C,=1.1373 x10°,
C,=0.1789 x10% C,=0.0821 x10° and C;=0.2083 x10°
by using Ackermann’s formulas [5, 21, 31].

In simulation, the Runge-Kutta method was used
for the numerical integration and performed from
t=0 to t=70 seconds with the time step of 0.01
seconds.

therefore, these eigenvalues were

4.2 Simulation results and discussion

The simulation results of the double inverted
pendulum on a cart system under the synergetic
control with controller parameter T given by the ACO

and sliding mode control are presented in Figs. 2 and 3
respectively. The time responses of the double inverted
pendulum system under the SC method are presented
in Fig. 2(a), while those of the SMC method are
presented in Fig. 2(b). The control input of both
methods are plotted and shown in Fig. 3(a). The zoom-
in plot of the control input is shown in Fig. 3(b).

Additionally, the simulation results of the double
inverted pendulum system manipulated by the SC
method with the optimal controller parameters of
C,,...Cs, and T yielded by ACO are presented in

Figs. 4 and 5. The time responses of all state variables
of the control system are presented in Fig. 4. The
corresponding SC control input is shown in Fig. 5.

Considering Fig. 2(a), all state variables
corresponding to all of the links of the double inverted
pendulum system under the SC method were driven to
zero as the time increased. The synergetic control
could stabilize the pendulum system. Fig. 2(b) showed
that the SMC method could also stabilize the system.
However, the control input of the SC method was
smoother compared to that of SMC method which
contains the chattering as seen in Figs. 3(a) and 3(b).

In the case when the ACO was used to determine
all controller parameters of the SC method, the SC
method could stabilize the double inverted pendulum
system as clearly seen in Fig. 4. The preferable
characteristic of the control input can be seen in Fig. 5.
Thus, the ACO can provide a systematic way for
designers to determine the parameters of the SC
method as applying optimization algorithms for this
purpose, as shown in previous works [5, 19-20, 22, 29].

The control signals in Figs. 3 and 5 showed that
the SC method could stabilize the considered double
inverted pendulum system with the smooth control. In
practical situations, the smoothness of the control
signal is a preferable characteristic, while the
chattering phenomenon needs to be avoided or reduced
[5-7,9, 11, 15,21].

Therefore, it is clear that the SC method with the
ACO controller parameter tuning can be applied for
stabilizing of the double inverted pendulum on a cart
system.

5. Conclusion

The conclusion can be summarized as follows.
First, the synergetic controller can stabilize the double
inverted pendulum on a cart. Second, the use of ACO
algorithm provides the systematic way for the designer
to determine the designed parameter for the SC
method. Third, the SC method can manipulate the
pendulum system with the smooth control and provide
the improvement in terms of the chattering reduction.
Thus, the synergetic control with ACO is an
acceptable method to stabilize the double inverted
pendulum on a cart.
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(a) Fig. 4 Time responses of the control system under

—x1: Cart displacement

—x2: Lower pendulum angle

—x3: Upper pendulum angle
x4: Cart velocity
x5: Lower pendulum angular velocity
x6: Upper pendulum angular velocity

SMC:Time responses
F
|
_
|
|
|
|
|
|
|
|

'0.2'777T777—[ 777777777777 T T T 7 T T T
| | | |
r I I I I
0.40 10 20 30 40 50 60 70
time,sec
(b)

Fig. 2 Time responses of the control system:
(a) the SC method with the controller parameter
T given by the ACO (b) the SMC method.
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Fig. 3 Control inputs of the SC and SMC methods:
(a) The plot of control signals for 0 <t <70 sec
(b) The zoom-in plot of control signals.
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Fig. 5 The control input of the SC method with
all controller parameters given by ACO.

6. References

[1] Li, Q.R., Toa, W.H., Na, S., Zhang, C.Y. and Yao,
L.H. (2009). Stabilization Control of Double Inverted
Pendulum System, paper presented in the 3™
International Conference on Innovative Computing
Information and Control (ICICIC* 08), Dalian,
Liaoning, China.

[2] Bogdanov, A. (2004). Optimal Control of a Double
Inverted Pendulum on a Cart, Technical Report CSE-
04-006 December 2004.

[3] Mohan, V. and Singh, N. (2013). Performance
Comparison of LQR and ANFIS Controller for
Stabilizing Double Inverted Pendulum System, paper
presented in the 2013 IEEE International Conference
on Signal Processing, Computing and Control
(ISPCC), Solan, India.

[4] Zhong, W. and Rock, H. (2001). Energy and
Passivity Based Control of the Double Inverted
Pendulum on a Cart, paper presented in the 2001 IEEE
International Conference on Control Applications,
(CCA'01), Mexico City, Mexico.

[5] Wei, H., Qian, Q., Qiang, H., Qiaoli, H., Yixin, Z.
and Lin, X. (2008). Optimization of Sliding Mode
Controller for Double Inverted Pendulum Based on
Genetic  Algorithm, paper presented in the 2nd
International Symposium on Systems and Control in
Aerospace and Astronautics, 2008. (ISSCAA 2008),
Shenzhen, China.

[6] Qian, D., Yi, J., Zhao, D, and Hao, Y. (20006).
Hierarchical Sliding Mode Control for Series Double



1 .
Oral Presentation TeME
The 7" TSME International Conference on Mechanical Engineering {:{}M E/
13-16 December 2016

Mechanical Englneering
Innovation for Green Society

DRC0014

Inverted Pendulums System, paper presented in the
2006 IEEE/RSJ International Conference on
Intelligent Robots and Systems, Beijing, China.

[7] Li, Z., Zhang, X., Chen, C. and Guo, Y. (2012).
The Modeling and Simulation on Sliding Mode
Control Applied in the Double Inverted Pendulum
System, paper presented in the 2012 10th World
Congress on Intelligent Control and Automation
(WCICA), Beijing, China.

[8] Santi, E., Monti, A., Li, D., Proddutur, K. and
Dougal, R. (2002). Synergetic Control for Dc-Dc
Boost Converter: Implementation Options, paper
presented in the 2002 IEEE Industry Applications
Conference 37" IAS Annual Meeting (1AS’02),
Pittsburgh, PA, USA.

[9] Santi, E., Monti, A., Li, D., Proddutur, K. and
Dougal, R.A. (2004). Synergetic control for power
electronics applications: A comparison with the sliding
mode approach, Journal of Circuits, Systems, and
Computers, vol.13(4), August 2004, pp.737-760.

[10] Kolesnikov, A.A. (2014). Introduction of
Synergetic Control, paper presented in the 2014
American Control Conference (ACC), Portland,
Oregon, USA.

[11] Nusawardhana, A., Zak, S.H. and Crossley, W.A.
(2007). Nonlinear synergetic optimal controllers
Journal of Guidance, Control and Dynamics, vol.
30(4), pp.1134-1147.

[12] Kolesnikov, A.A. (2002). Synergetic Control of
the Unstable Two-Mass System, paper presented in
the 15th International Symposium on Mathematical
Theory of Networks and Systems, (MTNS Conference
2002), University of Notre, Dame, USA.

[13] Veselov, G.E., Sklyarov, A.A. and Sklyarov, S.A.
(2014). Synergetic Approach to Quadrotor Helicopter
Control ~ with  Attractor-Repeller ~ Strategy  of
Nondeterministic ~ Obstacles ~ Avoidance, paper
presented in the 2014 6th International Congress on
Ultra Modern Telecommunications and Control
Systems and Workshops (ICUMT), St. Petersburg
Russia.

[14] Lidozzi, A., Solero, L., Di Napoli, A. and
Crescimbini, F. (2005). Synergetic Control for
Ultracapacitors Based High Dynamic Converters,
paper presented in the Twentieth Annual IEEE Applied
Power Electronics Conference and Exposition, 2005
(APEC 2005), Austin, TX, USA.

[15] Liu, C.H. and Hsiao, M.Y. (2012). A finite time
synergetic control scheme for robot manipulators,
Computer & Mathematics with Applications, vol.64(5),
September 2012, pp.1163-1169.

[16] Kolesnikov, A.A. (1994). Synergetic Control
Theory Energoatomizdat Moscow-Taganrog.

[17] Kolesnikov, A.A., et al. (2000). Modern Applied
Control Theory ed A A Kolesnikov Moscow-
Taganrog: Integracia-TSURE publ.

[18] Son, Y.D., Heo, T.W., Santi, E. and Monti, A.
(2004). Synergetic Control Approach for Induction
Motor Speed Control, paper presented in the 30th

Annual Conference of IEEE Industrial Electronics
Society, 2004. IECON 2004.

[19] Abderrezek, H. and Harmas, M.N. (2014).
Particle swarm optimisation of a terminal synergetic
controllers for a DC-DC converter, World Academy of
Science, Engineering and Technology, International
Journal of Electrical, Computer, Energetic, Electronic
and Communication Engineering (WASET), vol.8(8),
2014, pp.1248-1254.

[20] Ademoye, T., Feliachi A. and Karimi, A. (2011).
Coordination of Synergetic Excitation Controller and
SVC Damping Controller Using Particle Swarm
Optimization, paper presented in the 2011 IEEE Power
and Energy Society General Meeting, Detroit, MI,
USA.

[21] Shtessel, Y., Edwards, C., Fridman, L. and Levant,
A. (2014). Sliding Mode Control and Observation,
ISBN: 978-0-8176-4892-3  Birkhduser Springer
Science+Business Media New York.

[22] Rana, M.A., Usman, Z. and Shareef, Z. (2011).
Automatic Control for Ball and Beam System Using
Particle Swarm Optimization, paper presented in 2011
IEEE 12th International Symposium on Computational
Intelligence and Informatics (CINTI), Budapest,
Hungary.

[23] Colorni, A., Dorigo, M. and Maniezzo, V. (1991).
Distributed Optimization by Ant Colonies, paper
presented in The first European conference on
artificial life, Paris, France.

[24] Dorigo, M. (1992). Optimization, learning and
natural algorithms (in italian), Ph.D. dissertation,
Dipartimento  di  Elettronica,  Politecnico  di
Milano,Italy.

[25] Dorigo, M., Maniezzo, V. and Colorni, A. (1991).
Positive feedback as a search strategy, Dipartimento di
Elettronica, Politecnico di Milano,ltaly, Tech. Rep. 91-
016.

[26] Dorigo, M., Maniezzo, V. and Colorni, A. (1996).
Ant system: optimization by a colony of cooperating
agents, IEEE Transactions on Systems, Man and
Cybernetics — Part B, vol.26(1), February 1996, pp.29-
41.

[27] Dorigo M. and Stiitzle T. (2004). Ant Colony
Optimization A Bradford Book, MIT Press, MA, USA

[28] Dorigo, M., Birattari, M. and Stiitzle, T. (2006).
Ant Colony Optimization Artificial Ants as a
Computational Intelligence Technique, IRIDIA -—
Technical ~ Report  Series  Technical  Report
No.TR/IRIDIA/2006-023 September 2006.

[29] Yadav, S., Tiwari, J.P. and Nagar, S.K. (2011).
Optimal control of inverted pendulum using ant colony
system algorithm, International Journal of Computer
Information Systems, vol.3(4), pp.147-152.

[30] Feng, P., Lu, L. and Dingyu, X. (2013). Double
Inverted Pendulum Sliding Mode Variation Structure
Control Based on Fractional Order Exponential
Approach Law. Paper presented in the 2013 25th
Chinese Control and Decision Conference (CCDC),
Guiyang, China.



Oral Presentation

The 7" TSME International Conference on Mechanical Engineering
13-16 December 2016

DRC0014

[31] Ackermann, J. and Utkin, V. (1998). Sliding
mode control design based on Ackermann's formula,
IEEE Transactions on Automatic Control, vol.43(2),
February 1998, pp.234-237.

—

Qo
O/

Mechanical Englneering
Innovation for Green Society



