
การประชุมวิชาการเครือขายวิศวกรรมเครื่องกลแหงประเทศไทยครั้งที่ 21 
17-19 ตุลาคม 2550 จังหวัดชลบุรี 

 

การวิเคราะหความเคนอนันตแบบ 3 มิติบริเวณจุดตอของวัสดุหลายชนิด 
ในชิ้นสวนประกอบทางอิเล็กทรอนิกส โดยใชวิธี Eigen Analysis 

Three-dimensional Stress Singularity Analysis around the Multi-material Junctions  
in Electronic Packaging using Eigen Analysis 

 
Monchai Prukvilailert 

Department of Mechanical Engineering, Faculty of Engineering, Thammasat University, Pathumthani, 12121, Thailand 
Tel: 02-564-3001-9 ext 3215, Fax: 02-564-3010, Email: pmonchai@engr.tu.ac.th 

 
Abstract 
 Electronic packaging has several kinds of junction structures 
of metal, ceramic and polymer. It is well known that the stress 
singularity may occurs at the vertex of junction where dissimilar 
materials are bonded together. In this paper, the multi-material 
junctions in an electronic package are investigated to reveal the 
influence of mechanical properties of each material and the 
geometry of the junction on the order of stress singularity. The 
model in the analysis is a Flip-Chip-on-Board packaging (FCOB).  
The order of stress singularity around the solder bump is 
investigated by varying the mechanical properties of solder bump 
and the contact angle between the solder bump and a pad. The 
trend of how to minimize the stress singularity in the multi-
material junctions is presented.  
 
1. Introduction 

New electronic packaging technology has been developed to 
increase the I/O density capability and the performance of the 
electronic devices. Electronic packaging is made of several kinds 
of materials such as metal, eutectic solder, underfill and resin.  
From the previous studies, the stress singularity maybe occurs at 
the vertex of the junction due to the difference of dissimilar 
materials properties (see Bogy [1-4]), and the reliability of the 
junction structures is then reduced significantly. The junctions in 
an electronic package usually are multi-material junctions. 
Therefore, how to minimize the stress singularity is of significant 
technological importance for the electronic packaging 
development. The order of stress singularity is the parameter for 
determination of existing stress singularity and its level. Many 
studies on the order of stress singularity have been carried out 
analytically and numerically (see Koguchi et al. [5-7], Pageau et 

al. [9,10], Xu and Nied [11], Liu et al. [12]). In contrast to these 
studies, relatively less attention has been given to the three-
dimensional stress singularity fields in the solder joint structures 
with a real configuration in electronic packaging until now. In this 
paper, the influence of each material on the stress singularity at 
the junction is investigated. The method used here is a FEM with 
an interpolation function considering the characteristics of stress 
singularity. The method was firstly devised by Yamada and 
Okumura [8] and developed by Pageau et al [9,10] and Koguchi 
and Muramoto [6]. Then, the order of stress singularity around 
the multi-material junctions of the FCOB (Flip-Chip-on-Board) 
packages is investigated and minimized by varying the 
mechanical property and the contact angle at the junction. The 
schematic views of these packages are shown in Fig. 1. 
 
 
 
 
 
 
 
 
 
 

Figure 1  Schematic of a FCOB package 
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2. FEM Formulation for Analysis 
 The displacement and stress fields near the vertex in a 
three-dimensional stress state can be expressed in the 
asymptotic series in the case of real number of the order of 
stress singularity as follows: 
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where λ  represents the order of stress singularity. r  is the 
radial distance from the vertex, φ  and  θ are angles in the 
spherical coordinates as shown in Fig. 2. The angular variations 
of the displacement fields, ( )if , ,φ θ λ , and the stress fields, 

( )ijg , ,φ θ λ , are defined on a spherical domain of unit radius that 

surrounds the vertex ( )0r → . When  1 0− < <λ , the stress 

singularity occurs. The distance r  is expressed by using the 
singular transformation as 
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where p  is an eigen value governing the stress field and 

1p = +λ . or  is a radius of the spherical domain and 
1 1− < <α . The displacement at the origin is set to zero, so the 

discretized displacement vector, iu , at nodes can be expressed 
as 
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where ( )jH ,ξ η  is the serendipity quadratic interpolation 

function. ( )1 1,− ≤ ≤ξ η , and iju  is the i component of 

displacement at node j . Angles φ  and θ  in the spherical 
coordinates are expressed using the interpolation function as 
follows: 
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Figure 2  Finite element geometry and coordinate systems with 

the origin at the vertex of junction 

 
Furthermore, strain is obtained by means of the chain rule 
differentiation as 
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where [ ]aiB  and [ ]biB  are the 6x24 matrices. By using the 

principle of virtual work, the eigen value, p , can be calculated 
from the following characteristic equation. 
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where { }U is the eigen vector that represents the displacement 

fields at each node. This equation can be, then, transformed into 
the standard eigenvalue equation. 
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where { }V is { }p U  . 

 
3. Results and Discussion 
 In this section, the interface between solder bump and the 
other materials in FCOB package is shown in Fig. 3. At junction 
E, where solder bump, Cu pad, underfill and solder mark are 
bonded together, the relationship between λ  and Young’s 
modulus of solder bump, sE , is investigated with varying the 
contact angle ω . When the dimension governing the stress 
singularity is very small, the geometry of this junction seems to 
be the three-dimensional junction with a uniform cross section as 
shown in Fig. 4.   
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3  FCOB package configuration 
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Figure 4  Junction E of FCOB package 
 
 
 
 
 
 
 
 
 
 

Figure 5  Mesh model of junction E of FCOB 
 
 
 
 
 
 
 
 
 
 

Figure 6  Mesh model of junction F of FCOB 
 
 The mechanical properties of material in the analysis are 
shown in Table 1. From the previous study (see Pageau et al. 
[10]), when a uniform mesh is applied the accuracy of the 
solution is satisfied. Therefore, in this paper, square mapped 
elements are used to create a mesh model. The number of 
integration points is 20x20 points and a model of fine mesh is 
used for yielding better results. 
  

Table 1 Material properties in FCOB 
 
 
 
 
 
 
 
 
 
 
 
 For the junction E (shown in Fig. 3), the variation of the 
order of stress singularity λ  with varying sE  and the contact 
angle ω  is shown in Fig. 7. Poisson’s ratio is fixed for all 
materials. For sE  is small (5 GPa to 7 GPa, almost identical to 

uE ), it can be seen that λ  changes a little as the contact angle 
ω  varies. However, when sE is greater than 10 GPa, the 
absolute value of λ  decreases obviously with increasing the 
contact angle ω . It can be concluded that the reliability of the 
junction E can be improved as the proportion of underfill at the 
junction E increases. For example, the absolute value of λ  is 
minimum at the angle ω = 67.5o for any value of sE . Figure 8 
shows the variation of λ  with varying sE  and ω  at the junction 
F (in Fig. 3) which solder bump, passivation, Al pad and underfill 
are bonded to each other. The absolute value of λ  increases 
obviously with increasing sE . In the other hand, the absolute 
value of λ  changes a little as the contact angle ω  varies. It 
means that the change of contact angle ω  at the junction F 
slightly influences on the order of stress singularity λ .      
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Figure 7  the variation of λ  with varying sE  and ω   

for the junction E of FCOB 
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Figure 8  the variation of λ  with varying sE  and ω   

for the junction F of FCOB 
 
 The variation of λ  with varying sE and ω  at the junction F 
is different from that variation at the junction E, because Young’s 
modulus of passivation pE  at the junction F is very large (310 

GPa). Therefore, the change of proportion of underfill (varying the 
contact angle ω ) at the junction F slightly affects the order of 
stress singularity λ .  
 
4. Conclusion 
 In the present paper, the order of stress singularity around 
the multi-material junctions of FCOB package was investigated 
using FEM eigen analysis. At the junction, the mechanical 
property of solder bump was varied while those of materials with 
high modulus, such as Cu, Al, and passivation were fixed. 
Furthermore, the contact angle at the junction also was varied. It 
can be concluded that the minimum order of stress singularity 
around the multi-materials junctions in FCOB package can be 
obtained with appropriate mechanical properties of solder bump 
and geometry of a junction. 
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