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Abstract 

The characteristics of heat transfer and water infiltration in a rectangular porous packed bed due to 

supplied hot water are numerically study. The study is focus on the two-dimensional unsaturated flow in a 

porous packed bed column assuming local thermal equilibrium between water and solid matrix at any 

specific space. This numerical study described the dynamics of heat transfer and water infiltration in 

various testing conditions. Numerically, the influence of particle sizes on heat transfer and water 

infiltration during unsaturated flow is clarified in details. The results presented here can be basically used 

for analysis of numerous other applications (e.g. heat and water movement in the ground). 
Keywords: Water infiltration, Temperature distribution, Rectangular porous packed bed.

1. Introduction 

 Understanding of heat transfer in porous packed 

bed or porous media with water infiltration due to the 

force of capillary action is essential in a variety of soil 

science and chemical engineering applications such as 

temperature control of soil, recovery of geothermal 

energy, thermal energy storage, and various reactors in 

the chemical industry. Up to the present time, the 

related problem of water infiltration in porous media 

has been investigated both experimentally and 

numerically by many researchers [1-8]. However, few 

research reports have been published for a coupled 

heat transfer with water infiltration in porous media, 

except the problem of permafrost [9-11], drying 

technology [12-16] and 1-D unsaturated flow with heat 

transfer in cylindrical porous media by our group [17-

19]. 

 The purpose of this paper is to clarify the 

characteristics of heat transfer with water infiltration in 

Rectangular Porous Packed Bed (next time will refer 

to RPP) numerically. Most importantly, the effect of 

particle sizes on the flow kinetics is numerical 

investigation. The result presented here provides a 

basis for fundamental understanding of heat transfer 

and water infiltration in porous media. 

 

2. Numerical Analysis of Water Infiltration and 

Heat Transfer in Rectangular Porous Packed Bed 

 Fig.1 shows the physical models for heat transfer 

and water infiltration in RPP. This study case is focus 

on the unsaturated flow in porous packed bed due to 

supplied hot water. When the hot water is uniformly 

supplied at the top surface of the RPP, which is 

initially composed of glass particles and gas, a two-

phase region with the infiltration front is formed 

within the packed bed. In this region, the only flow of 

liquid water is considered and gradient of gas pressure 

is assumed to be neglected. However, the flow due to 

gas phase is a dominant mechanism at the lower part. 

x

z

fin

v

u

water infiltration

heat transport

 
Fig. 1 Physical models for heat transfer and water 

infiltration in RPP 

 

 By conservation of mass and energy in the 

unsaturated porous packed bed, the governing equation 

of mass and energy for specified phase can be derived 

by using a volume averaged technique [16, 21]. The 

main transport mechanisms that enables water 

infiltration during supplied hot water into the RPP are 

capillary pressure gradient and gravity. 

  

 Assumptions 

 The main assumptions involved in the 

formulations of the transport model are: 

 1) The rectangular porous packed bed is rigid.  

 2) No chemical reactions occur in the rectangular 

porous packed bed. 
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 3) Local thermodynamic equilibrium is assumed. 

 4) Darcy’s law holds for the liquid and gas phases. 

 5) Gravity is included for the flow analysis. 

 6) Gas pressure gradient inside porous packed bed 

is neglected. 

 

Mass Conservation 

 The microscopic mass conservation equation for 

liquid phase is expressed respectively [16, 20], as 

shown below: 

Liquid phase 
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According to the assumption 6); the Eq. (1) can be 

reduced as follows: 

 

  rl c rl c
l l

l l

KK p KK p
s g

t z z x u x
  



         
        

          

              (2) 

 

 where   is density, s  is water saturation, K  is 

permeability, 
rK is relative permeability, p  is 

pressure, g  is gravitational acceleration, v  is velocity 

in z-axis, u  is velocity in x-axis 

 

Energy Equation 

 Ignoring kinetic energy and pressure terms which 

are usually unimportant, this can be obtained from the 

total energy conservation of a combined solid and 

liquid phases and by invoking the assumption that the 

local thermodynamic equilibrium prevails among two 

phases. The temperature of the RPP during unsaturated 

flow due to supplied hot water is obtained by solving 

the conventional heat transfer equation. 
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 where  
T

c  is the effective heat capacitance of 

porous layered,
eff  is the effective thermal 

conductivity depending on water saturation. Under 

thermal equilibrium conditions and using the volume 

average technique, the effective heat capacitance is 

given by: 

 

           1pl l pl p ppT
c c s c                           (4) 

 

 where   is porosity 

 

 Based on the experimental results [14, 15] using 

glass beads saturated with water, the effective thermal 

conductivity is represented as a function of the water 

saturation: 
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Equilibrium Relations 

 The system of conservation equations obtained for 

multiphase transport mode requires constitutive 

equation for relative permeability, rK , capillary 

pressure, cp and capillary pressure functions (Leverett 

functions), J ,. A typical set of constitutive 

relationships for liquid and gas system is given by: 

 

                       
3
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 where es  is the effective water saturation 

considered the irreducible water saturation, irs  , and 

can be defined by [19]: 
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 The relationship between relative permeability in 

each phase following Eq. (6) is shown in Fig. 2 

 

 

Fig. 2 The relationship between, rK and es  

[16] 

 The capillary pressure, cp  , is further assumed to 

be adequately represented by Leverett’s well know 

)( esJ  functions. The relationship between the 

capillary pressure and the water saturation is defined 

by using Leverett functions, )( esJ  [16] 

                ( )c g l ep p p J s
K




               (8) 

 where  is surface tension, )( esJ is correlated 

capillary pressure data obtained by Leverett  and can 

be expressed follows: 

                              ( ) 1 1
b

e eJ s a s                 (9) 

 

Further, the coefficients “a” and “b” at each condition, 

can be directly taken from reference [14].  
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Initial Condition and Boundary Conditions 

 According to the Fig. 1 boundary conditions 

proposed for two-dimensional models with the 

dimensions of 15 cm (x) x 20 cm (z) are shown in Fig. 

3. The initial conditions are given by uniform initial 

temperature and water saturation. 

 

 
 

Fig. 3 Initial condition and boundary conditions of 

two-dimensional model 

 

 Initial condition and boundary conditions can be 

written as: 
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3. Numerical Procedure 

 Corresponding to the method of finite differences 

based on the notion of control volumes, the 

generalized system of nonlinear equations are 

integrated over typical rectangular control volumes. 

After integrating over each control volume within the 

computational mesh, a system of nonlinear equations 

result, whereby each equation within this system can 

be cast into a numerical discretization of the 

generalized conservation equation. The equations of 

heat transfer and unsaturated flow are nonlinear 

because, cp , rlK  and rgK  depend on s. To solve the 

nonlinear equations, the Newton-Raphson iteration 

procedure is used for each element. 

4. Result and Discussion 

Verification of the model 

 This study, the presented numerical results has 

been validated against the reference [22] result which 

was directly taken from the work of Akahori, M et al., 

[22]. The verification of the model is only picked up 

the value from a source points of a center line of 

porous domain (x = 0 cm, z) with 3 elapsed times as 

shown in Table. 1, where the testing conditions used 

are supplied water flux, f = 0.15 kg/m2s, supplied 

water temperature, sT  = 50oC and particle size of 0.15 

mm. It is found that the fairly agreement of the 

infiltration front at 10, 20 and 30 min between 

Reference [22] and presented study is clearly shown. 

 

Table. 1 The comparative results 

Time [min] 
Infiltration front [cm] (x = 0 cm, z) 

Presented study Reference [22] 

10 12 10 

20 14 12 

30 17 14 

 

Two-Dimensional Water Infiltration and Heat 

Transfer  

 This study described the dynamics of water 

infiltration and heat transfer in various condition. The 

particle sizes used in this work are 0.15 mm and 0.40 

mm in diameter, supplied water fluxes is 0.15 kg/m2s 

supplied water temperature is controlled at 50°C and 

the initial temperature 0T  is given as 0T = 0 C. 

 Here, the main transport mechanism that enables 

water infiltration in granular packed bed is by capillary 

pressure gradient and gravity. Liquid phase migration 

is related to capillary pressure gradient as well as 

temperature (which correspond to that of surface 

tension, as referred to in Eq.8). 

 The two-dimensional water infiltration and heat 

transfer in x- and z-directions (the contour plot is 

based on symmetrical plan) will now be discussed with 

the aids of Figs. 4 - 7. Fig. 4 and Fig. 6 show the effect 

of particle size on the expansion of the heated layer 

due to infiltration of supplied hot water. The heated 

layer expands somewhat in the z-direction at a larger 

particle size, but the effect of particle size on the 

expansion of the heated layer is smaller as compared 

to the infiltration layer (Fig. 5 and Fig. 7). It is found 

that the heated layer are always wider in the z-

direction and narrower in the x-direction for a larger 

particle size (Fig. 6).  

 Fig. 5 and Fig. 7 show the effect of particle size 

on water infiltration under a constant supplied water 

flux. In the early stage of infiltration, the infiltration 

layer expands uniformly in both x- and z-directions 

because capillary pressure has more influence than a 

gravity potential. As water infiltration progresses, the 

gravitational effect becomes superior to the capillary 

pressure and the infiltration layer expands wider in the 

z-direction which is the direction of gravity. However, 

the infiltration front in the case of small particle size 
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Fig. 4 The temperature distribution in RPP with 

particle size of 0.15 mm. when time at (a) 15 min, (b) 

30 min and (c) 45 min 

 

expands wider in the x-direction in comparison with a 

larger particle size, due to the stronger effect of the 

capillary pressure.  

 Fig. 8, which redrawn from Figs. 4 - 7, shows the 

distributions of temperature and water saturation at the 

center line of RPP (x = 0) with various elapsed times 

as a parameter of particle sizes. It is found that a 

greater particle sizes corresponds to higher water 

saturation and forms a wider infiltration layer. The 

temperature in the granular packed bed rises due to 

water infiltration, but the heated layer does not extend 

as much as the infiltration layer similarly explained in 

previous figures.  Fig. 9 and Fig. 10 shows the 

distributions of temperature and water saturation at 

various elapsed times as a parameter of particle sizes 

at the positions (x, z = 5) and (x, z = 10), respectively. 

From Fig. 9(a), it is found that the temperature 

distributions of both particle sizes taken at the early 

stage show nearly the same tendency, that is the 

temperature decreases to low values within short  

 
 

 
 

 
Fig. 5 The water saturation distribution in RPP with 

particle size of 0.15 mm. when time at (a) 15 min, (b) 

30 min and (c) 45 min 

 

distance in x direction. While in the later stages, the 

some different temperature between the two particles 

sizes occurs over an infiltration layer. This is because 

the permeability of the porous medium as well as the 

capillary pressure is become the weakly dominant 

factor to the water infiltration and heat transfer in the 

deeper location of granular packed bed during 

infiltration process. The result shows that a smaller 

particle size leads to faster infiltration rate and forms a 

wider infiltration layer in x-direction, especially at the 

times of 30s and 45s. This is because at the location 

where z = 5 cm is closed to the heated zone which the 

capillary action is still a dominant mode for smaller 

particle size. In addition, it is found that using the 

larger particle size results in lower water saturation at 

the location of x = 0 - 6 cm (t = 15 min) but it 

penetrates much deeper than that of the smaller 

particle size at x = 6 - 11 cm. This is because the larger 

particle size and hence pore size of these particles 
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reduces the capillary pressure to resist a gravity driven 

during water infiltration process 

 

 
 

 
 

 
Fig. 6 The temperature distribution in RPP with 

particle size of 0.40 mm. when time at (a) 15 min, (b) 

30 min and (c) 45 min 

 

 From Fig. 10(a) it is found that the temperature 

distributions of both particle sizes taken at the early 

stage show nearly the same tendency, that is the 

temperature decreases to low values in x-direction. 

While in the later stages, the significantly different 

temperature between the two particles sizes occurs 

over an infiltration layer where the larger particle size 

clearly displays a higher temperature. This is because 

the permeability of the porous medium as well as the 

gravitational force for case of larger particle size is 

become the strongly dominant factor to the water 

infiltration and heat transfer at the lower part of RPP (z 

= 10). Fig. 10(b), it is also found that using the larger 

particle size results in more penetrated deeper in x-

direction than that of the smaller particle size at each 

time instant. Generally, this phenomenon is probably 

caused by the type of head gradient that induced these 

water infiltration. 

 

 
 

 
 

 
Fig. 7 The water saturation distribution in RPP with 

particle size of 0.40 mm. when time at (a) 15 min, (b) 

30 min and (c) 45 min 

 

 The water infiltration of x-direction was achieved 

just by horizontal water movement, which is by the 

gradient in capillary tension only; while the water 

infiltration of z-direction was achieved by vertical 

water movement, which is by both gravity and the 

gradient in capillary tension. 
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Fig. 8 Numerical results of (a) temperature profiles 

and (b) water saturation along z-direction of RPP with 

the particle sizes of 0.15 and 0.4 mm with respect to 

elapsed times. (Supplied water flux f = 0.15 kg/m2s, 

and supplied water temperature sT = 50oC.)  

(x = 0 cm, z) 

 

 
 

 
Fig. 9 Numerical results of (a) temperature profiles 

and (b) water saturation along x-direction of RPP with 

the particle sizes of 0.15 and 0.4 mm with respect to 

elapsed times. (Supplied water flux f = 0.15 kg/m2s, 

and supplied water temperature sT = 50oC.)  

(x, z  = 5 cm) 

 

 
 

 
Fig. 10 Numerical results of (a) temperature profiles 

and (b) water saturation along x-direction of RPP with 

the particle sizes of 0.15 and 0.4 mm with respect to 

elapsed times. (Supplied water flux f = 0.15 kg/m2s, 

and supplied water temperature sT = 50oC.)  

(x, z  = 10 cm) 

 

5. Conclusions 

 Based on two-dimensional models where there is 

thermal equilibrium between the water and the matrix 

at any specific space, the heat transfer in rectangular 

porous packed bed with unsaturated flow is 

investigated. The following are the conclusions of this 

work: 

 1) A generalized mathematical model of heat 

transfer with water infiltration within a granular 

packed bed is proposed. It is used successfully to 

describe the flow phenomena under various conditions. 

 2) When comparing the distribution profiles 

between heated layered and infiltration layer. It is 

observed that the heated layer does not extend as much 

as the infiltration layer. This means that heat transfer 

hardly occurs in the layer close to the infiltration front 

because the temperature of water infiltrating gradually 

drops, due to upstream heat transfer. Furthermore, the 

effect of particle size on the discrepancy of heated 

layers is smaller, compared to that of the saturation on 

infiltration layer. 
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 3) It is found that the gravity and capillary 

pressure have clearly exhibited influence on the 

infiltration and heat layers. 

 4) It is possible to use the present model for 

analysis of numerous other applications (e.g. heat and 

water movement in the ground). 
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