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Abstract

The generalized conforming triangular finite element with nine degrees of freedom for thermal bending
analysis of thin plate due to the temperature gradient through its thickness is developed. The finite element
formulation with detailed finite element matrices are derived based on the modified potential energy principle and
the generalized compatibility conditions. The closed-form of the thermal loading which can be apply directly to the
computer program is also derived and express. The effectiveness of the proposed element is evaluated by several
examples. Results show that the element exhibits good performance for the analysis of plate bending problem under

thermal loading.
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1. Introduction

The finite element method has been widely used
for the analysis of plate bending problems as the exact
solutions of the real applications cannot be derived.
The difficulty of the finite element in plate bending is
the requirement of C; continuity so that the value of
transverse deflection w and its slope must impose
continuity between elements. Such difficulty brings
about various types of plate bending elements which
have been developed during the past decades [1-4].

Early developed plate bending elements were the
non-conforming element type, such as the well-known
BCIZ triangular element [5] which could provide good
solution accuracy in plate bending analysis. The
element was non-conforming since the normal slope
along the element edges cannot be represented by the
corner node connections. It was found that the
solution obtained from the non-conforming elements
sometimes was superior to that obtained from the
conforming element type.  However, these non-
conforming elements sometimes caused divergent
results in some problems so that the convergence to
the correct result could not be ensured. Meanwhile,
the conforming element types were quite complicated
to formulate and were found to be too stiff as it
imposed excessive conditions of continuity [6]. As a
result, these elements generally did not used in the real
applications.

Another element type was the thin plate DKT
element based on discrete Kirchhoff theory [3].
Although this element provides high solution accuracy
[7, 8], the element formulation was quite complicate
and the transverse displacement w was defined only
along element sides.

Another type of thin plate bending element was
the generalized conforming element [9]. The
generalized conforming element was formulated based
on the modified potential energy principle and the
generalized compatibility conditions by using the point

compatibility conditions at each node and the line
compatibility conditions along each side [10]. The
nine degrees of freedom triangular element GPL-T9
then can be formulated. The result obtained from the
element passes the patch test and provides excellent
performance. The generalized conforming element is
also easy to program as the closed-form expression of

the corresponding finite element matrices can be found.

However, the formulations of the GPL-T9 element
were developed for bending analysis only for the
plates under the applied mechanical loading. The
finite element formulation for this element type under
thermal loading, such as temperature gradient through

the plate thickness, has not been found in any literature.

The main objective of this paper is thus to present the
formulation and the effectiveness of the GPL-T9
element in thermal bending analysis of thin plate.

The paper begins by presenting the governing
differential equations for predicting the thin plate
bending behaviors under the thermal loading. The
corresponding finite element equations that include the
element matrices with the thermal load vector are
derived and presented. Several thin-plate thermal
bending examples are used to evaluate the solution
accuracy of the finite element formulation developed.
Such solutions are also compared with those occurred
from the well-known nonconforming triangular thin
plate bending element (BCIZ) and the discrete
Kirchhoff triangular element (DKT).

2. Governing Equations

The equation for the transverse deflection w in z-
direction normal to the x-y plane of a thin plate with
the temperature T(z) through its thickness t is given by
the equilibrium equation [11],
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where p(x,y) is the applied load normal to the x-y plane,

v is Poisson’s ratio and D is the bending rigidity which
can be defined as,

Et®

T12(1-v?) @)

where E is the modulus of elasticity, t is the thickness
of the plate. The thermal moment Mr in Eq. (1) is
defined by,

M, = Ea jf:fz(T(z)—To)zdz 3)

3. Finite Element Equations

3.1 Generalized Conforming Element

To formulate a generalized conforming thin plate
element, the modified potential energy theorem should
be used as [12],

I, =TT, - > H =stationary

5] 5] »
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where IT, and IT,, are functions of minimum and

modified potential energy theorems, respectively. H is
the additional energy corresponding to the
incompatible displacements on the element boundary
OA in which Q, , M, and M, are Lagrange
multipliers which denote the boundary tractions
(transverse shear, normal moment and twisting
moment) on the boundary JA, , n and s denote the
normal and tangential directions of the boundary,
respectively. w is the deflection within the element.

W is the boundary deflection of the element. And 4,
is the boundary rotation about the tangential axis s on
oA, .

In the limit as the size of the element tends to zero,
the additional energy H is assumed to vanish such that,

H= j[ [—wj Mm(@—@j—q(w—w)}ds:o @)

o5  0s
Therefore, I,
stiffness matrix can be formulated on the basis of the
degenerated form I1,. The element so formulated is

called a generalized conforming element.
In order to satisfy Eq. (7), we will first apply the
formula of integration by parts and rewrite Eq. (7) as,

(4)

ox* oy?

]Z}dxdy—ﬂpwdxdy (5)
AE

degenerates to IT, and the element
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j(w—w)}ds

H= J{ (—+6j [Qn+6';/|8"s
+Zj:(AMnS)J(W—

where j denotes the nodal point of the element and
(AM,,), is the difference between the twisting
moments acting at both sides of nodal point j. Then,

the deflection field w is assumed to satisfy the
following conditions,

W), = 0 ®)

(w—v"v)j =0 (ateach node j) 9)

(10)

J‘[;ﬂﬂijds =0 (oneachside S,) (11)
n

Sk

Equation (9) is the point compatibility condition for
nodal deflection at each node. Other two equations,
Egs. (10) - (11), are the line compatibility conditions
for average deflection and average normal slope along
each side of the element. It is obviously that Egs. (9) -
(11) are a strong form of the condition Eq. (8).

3.2 The Generalized Conforming Triangular
Element (GPL-T9)

A triangular thin-plate bending element with 9
DOF is shown in Fig. 1. The vector of nodal

unknowns {5} is defined as,

{5}6:LW1 0)(1 Hyl W, ‘9x2 Hyz

0,] (12)

where 6, =(ow/dy), and 6, =—(ow/ox), denote

the nodal rotations.

( x2’0y2)

2
S3 N3

4

1
8 (W 9)(1’ Hyl)

(W3'Hx3' 0y3)
Fig. 1 Triangular plate bending element with 9 DOF

The deflection W and normal slope 55 along side
12 are assume to be cubic and linear respectively as,

W, = (L1 + L12L2 - L22L1)W1 _b3L12L29x1 _CSle L2‘9y1

+( L, + Lz2 L - L12 L, )Wz +b; I—z2 LO, +¢ L22 L,6,,(13)

s12

ZL(e0,-b

@ 0,)+ L (0, -b6,.) | (14)
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where L, (i =1, 2, 3) denotes area coordinates, d; (i =
1, 2, 3) denotes the side length, and b, =y, -y, and
c, =X, —X are the coefficients appear in the area

coordinates. Similar expressions for side 23 and 31
can be obtained by permutation.

Therefore, the deflection field w over the element
can be express as follows,

w=wL +w,L, +w,L, +W (15)
and
W=ALL + AL L + ALL + A4 F, + AR + 4F, (16)

where

F,

L (L-2)(L-1)
F=L (L2 —ZI,/Z)(L2 —1)
Fo=L(L-Y2)(L 1)

It can be verified that the nodal compatibility condition
Eg. (9) is already satisfied. The coefficients
A, Ay, .. A In EQ. (16) are determined from the line
compatibility condition Egs. (10) and (11).

Consequently, the deflection field w can be
rewritten in the form of,

a7

3
W:LNJ{g}e ZZ(NiWi+in9xi+Nyi9yi) (18)
i=1
where
N, =L -2F, +(-r,)FK +1+1)F

b b 1
Ny 2_33 LL, +Ez L3L1_E(b2 —b,)F,

1 1
—E(rzb2 +b,)F, —E(rab3 —-b,)F; 19)

C C 1
Nyl =_?3 LL, +?2 L3L1_E(Cz —C)F,

1 1
_E(rzcz +03)F5 _E(raca _Cz)Fe

and

d,? —d,? d} —d? d?—d,?
I = 2d23’r2: 3d21,r3:1d22
1 2 3

(20)

The expression for six other shape functions can be
obtained by permutation. Based on these shape

functions, the element stiffness matrix [K] can be
derived.

The finite element equations for thermal bending
analysis of thin plate can be written in the form of,

[K]{o}={F}+{F,}

(21)
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where [K] is the element stiffness matrix, {5} is the

vector of the element nodal unknowns which contains
transverse deflection and the rotations at each node,

and {F} is the equivalent nodal forces due to the
thermal load associated with the temperature gradient
through the plate thickness. While {Fp} is the nodal

force vector due to the applied lateral loads which is
not considered in this study.

The element stiffness matrix [K] is given by,
[K]=J[[B] [D][B]dA
A

(22)

where

(23)

(24)

and [B]= —{

The closed-form of the stiffness matrix can be written
as,

(25)

[K]=[R] [Q][R]
where the matrices [R] and [Q] is given in Appendix.

The vector of the equivalent nodal forces due to
the thermal load {F; } in Eq. (21) can be derived by,

1 T
{FT}=EA[B] {M}dA (26)
where the vector {M} is given by,
MY =M, M, 0] @7)

The thermal moment, M+, in Eq. (27) is the function of
the temperature through the plate thickness as defined
in Eg. (3). The vector of the equivalent nodal thermal

forces {F;} in Eq. (26) can be rewritten as,

1
{FT}=$MT_”B]T dxdy<1 (28)
A 0
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or {FT}:ﬁMT[BA] 1 (29)
0

where the closed-form of matrix [BA] is shown in

Appendix.

The closed-form expressions of the thermal load
vector in Eqg. (29) which have been derived in this
study can be implemented for computer programming
directly. The validity of the derived thermal load
vector above is examined by thermal plate bending
examples that have exact solutions as presented in the
next section.

4. Applications

Three examples which have exact solutions are
presented in this section. The first example is chosen
to evaluate the performance of the GPL-T9 plate
bending element. The other two problems demonstrate
the effectiveness of the proposed element compared
with the DKT and BCIZ triangular elements.

4.1 Free square plate

A square plate of which all edges are set to be free
and the temperature varies linearly through the
thickness is shown in Fig. 2. The plate is assumed to
have the thickness (t) of 0.01 m, the modulus of
elasticity (E) of 7.2x10%* N/m?, the Poisson’s ratio (v)
of 0.33, and the thermal expansion coefficient (a) of
2.3x107 /°C. The plate has the temperatures of the
upper surface (Ty) of 100 °C and the lower surface
(TL) of 25 °C. The exact transverse deflection (w) of
free square plate with linear temperature distribution
through its thickness can be derived [13] and is given

by,

wixy) =~ L (X +y?) (30)
where AT is the temperature difference between
upper and lower surface.

Due to its symmetry, only the top right quarter of
the plate is modeled and analyzed. The finite element
model for this problem is illustrated in Fig. 3. The
model is divided to 4x4 intervals consisted of uniform
meshes with 25 nodes and 32 elements. Figure 4
shows the predicted transverse deflections along the x-
axis obtained from GPL-T9 element. It can be seen
that the results obtained from the proposed element are
definitely the same as the exact solution at any points
of nodes. This shows the performance of the GPL-T9
element that can accurately predict the transverse
deflections of the plate due to temperature gradient
through its thickness.

P>
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Fig. 2 Free square plate with linear temperature
gradient through its thickness.
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Fig. 3 Finite element meshes of free square plate

x(m)
0.0 0.2 0.4 0.6 0.8 1.0

0.0 1 1 1 1 ]
. 0.2 1
£
S
~ -04 1
S
Ko
= -0.6 1

-0.8 Exact Solution

A  GPL-T9
-1.0 -

Fig. 4 Comparative transverse deflections along x-axis

4.2 Clamped and simply supported rectangular
plate

The clamped and simply supported rectangular
plate of which the temperature varies linearly along the
thickness only is considered. This plate is clamped
along the edges y = +b/2 and simply supported along
the edges x = 0 and x = a as shown in Fig. 5. The
derivation for the exact solution of the deflection (w) is
given in Ref. [14] as,

o

w(xy)= Y (A,coshe,y+D,ysinha,y+K, )sing,x (31)

m=135

where o, A,, D, , K, and A are,
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A = —Km(%qpcmh%am+smh%an/Am (33)

D, = Kmam(sinh%amb}/Am (34)
4M
K, = 1 35
" aDa? (35)
A, = lamb-t-sinhlambcoshlamb (36)
2 2 2

while D and My are given in Egs. (2) and (3),
respectively.

b/2

b2 4 ‘@
T

Fig. 5 Clamped and simply supported rectangular plate
with linear temperature gradient through its thickness.

In this example, the geometric properties of plates
are the width (a) = 2 m, the length (b) = 4 m, and the
thickness (t) = 0.01 m. The physical properties of the
plate are taken as the modulus of elasticity (E) of 190
GPa, the Poisson’s ratio (v) of 0.3, and the thermal
expansion coefficient (a) of 16x10® /°C. The
temperatures of the upper surface (Ty) and the lower
surface (T.) of the plate are 60 °C and 0 °C,
respectively.

Since the problem is symmetrical, a quarter of the
plate is analyzed. The models consist of the uniform
4x8, 8x16 and 16x32 mesh divisions which have 45
nodes, 153 nodes and 561 nodes, respectively. The
example of finite element models using in the analysis
is shown in Fig. 6. The deflections at the plate center
(wc) obtained in the present analysis are illustrated in
Fig. 7. It can be seen that the results obtained from all
element types converge to the exact solution as the
meshes are refined. The results show that the GPL-T9
element performs very well and provides higher
solution accuracy than other element types.

P>
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Fig. 6 The 4x8 finite element meshes of the clamped
and simply supported rectangular plate.

4.04E-02 1

E‘!‘ —-e-=-DKT
---8---- BCIZ
402E02 | GPLTO
AV .
e \ Exact Solution
£ 400E-02 3\
= %T --------
""-----__-__; TTTTT -5
-8
3.98E-02 /
3.96E-02 T T T

T T 1
0 100 200 300 400 500 600
The number of nodes

Fig. 7 Predicted central deflections of the clamped and
simply supported rectangular plate compared with the
exact solution.

4.3 Simply supported parallelogram plate

A problem statement of the simply supported
parallelogram plate with linear temperature gradient
through its thickness is shown in Fig. 8. The
dimensions of the plate in the analysisarea=2m, b =
1 mand y = 30°. The plate is assumed to have the
modulus of elasticity (E) of 190 GPa, the Poisson’s
ratio (v) of 0.3, the thermal expansion coefficient («)
of 16x10® /°C, the thickness (t) of 0.01 m, the upper
surface temperature (Ty) of 60 °C, and the lower
surface temperature (T.) of 0 °C. The exact central
transverse deflection (wc) of the simply supported
parallelogram plate for a/b = 2 and y = 30° is given by
[15],

2
w, = 0.090135 M, b

@37)
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Fig.8 Simply supported parallelogram plate with linear
temperature gradient through its thickness.

where D and My are the same as written in Egs. (2) and
(3), respectively.

The model is discretized into uniform meshes of
8x4 (45 nodes), 16x8 (153 nodes) and 20x10 (231
nodes) intervals as illustrated in Fig. 9 (a)-(c). The
predicted central transverse deflections compared with
the exact solution are shown in Fig. 10. The results
indicate that both DKT and GPL-T9 elements
apparently provides good solution accuracy while the
solution obtained from the non-conforming BCIZ
element diverges from the exact solution.
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(b) (©

Fig.9 Finite element meshes of parallelogram plate.
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Fig.10 Predicted central deflections of the simply
supported parallelogram plate compared with the exact
solution.

5. Conclusion

The generalized conforming triangular element for
plate bending analysis with the temperature gradient
through its thickness was presented. The finite
element formulation with detailed finite element
matrices were derived based on the modified potential
energy principle and the generalized compatibility

conditions. The finite element stiffness matrix and the
equivalent nodal forces due to the thermal load of the
GPL-T9 plate bending element were derived and
rewritten in closed-form which can be used in
computer programming directly.  The presented
examples demonstrated that the generalized
conforming plate bending element GPL-T9 with the
proposed thermal load formulation provides good
solution accuracy in thermal bending analysis of thin
plate. The results obtained from the proposed element
also converge to the exact solution when the mesh is
refined. The solution accuracy obtained from both
DKT and GPL-T9 elements is quite in the same high
quality; however, the GPL-T9 is better when we
consider in the simplicity of its formulation. Moreover,
the non-conforming plate bending element BCIZ is
somehow unreliable in some cases as we have seen in
the third example that it gives diverged solution.
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7. Appendix

The closed-form of the stiffness matrix [K] is
given in Eq. (25) as,

-
[K]=[R] [Q][R] (A1)
where the matrices [R] and [Q] is defined by,
[R]=[C][A] (A2)
2bb, 2b,b, 2b,b, 32 -307 -3b? ]
2byb, 2b,b, 2b,p, —37 3> -3b?
2bb, 2b,b, 2,b, 3?2 -3 32
. 2c,c, 2c,¢, 2c,c, 3k -3, -3¢
[C] v 2c.c, 2c,¢, 2c,¢, -3’ 3¢ -3¢
2cc, 2¢,¢, 2c,C, -3? -3, 3
2(b102 + bzcl) Z(bzca + bSCZ) 2(b3C1 + b1ca) 6b1C1 _6b202 —6b303
2(blcz + bzcl) 2(b2C3 + bzcz) 2(b3C1 + blcz) ’6b1C1 szcz ’Bbxca
_2(b102 + bzc1) 2(b203 + bacz) 2(b301 + blcﬁ) 76b101 76b2C2 Gbaca
(A3)
0 *%b: 7%% 0 %bj %cs 0 0 0
0 0 0 0 %n —%c\ 0 %u %c
0 L, Y 0 0 0 0 Ly, L
2 2 2 2

2 2O-b) —3(-0) Len -Z(b-b) I(ia-o) 1o —2(b+b) —3(i6+c)

1 1 1 1 1 1

1o 3heb) 306 c) 2 3B-b) le-0) 1vn —(h-b) (e -c)
1 1 1 1 1 1

Lo 3hob) 306 -6) 1on —5heh) —Seee) 2 3B-b) —5(e-c) |

(A4)

[P] v[P] 0]
v[P] [P] 0] | (A5)
1—

o] [ SUP]

Et®

Q)= 12(1-v°)

<
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2 11
Pl=21 2 1
11 2

(A6)

The vector of the equivalent nodal thermal forces
{F:} s givenin Eq. (29) as,

1

{FT}:LMT[BA] 1

1-v 0 (29)

where the closed-form of matrix [BA] is in the form of,

[BA=[A] [T] (A7)
__Zblbz _20102 _Z(blcz + bZCl)_
-2b,b, —2c,c, -2(b,c, +bsc,)
1|-2bb —2c,c;, -2(b,c, +bc,)
M=2x o2 & e | (A9
b, ¢ 2bc,
b, c,’ 2b,c,
| b ¢’ 2bc, |
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