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    Abstract 
 This paper describes a solving method of inverse kinematics equations and simulation of a 6-DOF robot arm for 
a service robot. The robot arm is driven by cables which are connected to motors, and the motors are outside the arm 
structure. Joints of the robot arm consist of a 3-DOF shoulder, a 1-DOF elbow and a 2-DOF wrist. The link 
coordinates on each joint are based on the Denavit-Hartenberg principle. The algebraic solution technique and 
orthogonal rotation matrixes are applied for solving the kinematics equations. Gazebo software package is used for 
the robot arm simulation. In Gazebo, PID controllers are implemented to control the robot arm. Gravity, inertia and 
mass of the robot arm model are simulated according to the actual fabrication material and geometry. The desired 
target position of the robot hand is chosen, and then the robot arm trajectory is determined by the inverse kinematics 
equations. Simulation shows that the inverse kinematics are valid and show that the model can move to the desired 
position. The controlled robot arm system has low steady-state error. The settling time of travel to a position (x = 
0.417 m, y = 0.151 m, z = 0.219 m) is 7.2 second. In the simulation, the PID gains of each joint are initially tuned by 
Good Gain method and later fine adjusted during implementation. The analysis and simulation model help 
improving the design of the robot arm and the PID gains can be used as a guide for estimation of the system 
response and selection of actuators. 
    Keywords: Inverse kinematics, Service robot, Digital servo motors, Simulation 
 

1. Introduction 
 Service robots with basic tasks, such as navigation, 
object manipulation, object detection and human 
interaction are widely used nowadays for serving food, 
caring for older people, guiding in the museum, etc. 
This paper focuses on just the robot arm manipulation, 
controlling of the arm configuration and grasping an 
object. 
 In recent years, the focus of robot arms research 
and development are mostly for industrial use in which 
are not suitable for service robots due to its heavy 
weight and large size. This research focuses on service 
robots with appropriate arm size. The efficiency 
improvement of the robot arms movement depends 
mainly on the controller in which the set of kinematic 
equations are addressed.  
 This paper presents a method to determine 
forward and inverse kinematic equations of a 6-DOF 
robot arm based on Denavit-Hartenberg principle 
[1][2], the algebraic solving technique [3], the property 
of orthogonal rotation matrixes [4] and the robot 
simulation. The robot controller is initially developed 
by simulation using Gazebo [5] and ROS [6] software 
packages with Ubuntu 12.04 operating software. In 
Gazebo, PID controller [7][8] is applied on the 
controller system for improve the response of the 
system, settling time and the steady-state error of the 
system with Good Gain method [9] and later fine 
adjusted during implementation. The studied topics are 
arranged as follows: Design of the 6- DOF robot arm 

model, kinematics of a 6-DOF robot arm, simulation 
and conclusion. 
 

2. Design of the 6-DOF Robot Arm  
 A 6-DOF robot arm is designed for grasping 
various objects. The robot arm is driven by cables and 
actuators located outside the arm structure, reducing 
the mass and inertia of the arm, increasing the payload 
capacity. 
 The robot arm consists of a 3-DOF shoulder joint 
,ଵߠ) ,ଶߠ	  and  a 2-DOF (ସߠ) ଷ), a 1-DOF elbow jointߠ	
wrist joint (ߠହ,  ଺). The robot arm links are connectedߠ	
as a serial structure. Using the Denavit-Hartenberg 
principle, the joint reference frames are assigned as 
shown in Fig 1. 
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Fig 1. The robot arm joint reference frames. 

 
3. Kinematics of the 6-DOF Robot Arm 

 According to the rotating reference frames, the 
robot arm parameters are presented in Table. 1 
where	ߙ௜ିଵ is the rotation angle from zi-1 axis to zi axis 
about xi-1 axis, ܽ௜ିଵ  is the distance between zi-1 axis 
and zi axis along xi-1 axis, ݀௜ is the distance between xi-

1 axis to xi  axis along zi  axis, and ߠ௜ is the rotation 
angle from xi-1 axis to xi axis about zi axis. 
 
Table. 1 The robot parameters  
௜ିଵ ܽ௜ିଵ ݀௜ߙ ݅ ௜ߠ   Joint range 

ଵ െ20°ߠ 0 0 0° 1 െ 20° 
ଶ െ20°ߠ 0 0 90° 2 െ 20° 
3 െ90° 0 ݈ଵ ߠଷ 0° െ 90° 
ସ െ45°ߠ 0 0 90° 4 െ 45° 
5 90° 0 ݈ଶ ߠହ െ45° െ 45° 
6 െ90° 0 0 ߠ଺ െ45° െ 45° 

 
3.1 Forward Kinematics 
 The forward kinematics are an analysis to 
determine position and orientation of the end effector’s 
robot arm where all joints angles are known. The 
transformation matrix of the frame i relative to the 
frame i-1, ܶ௜

௜ିଵ , can be written as 
 

ܶ௜
௜ିଵ ൌ

൦

௜ߠܿ െߠݏ௜
௜ିଵߙ௜ܿߠݏ ௜ିଵߙ௜ܿߠܿ

0 ܽ௜ିଵ
െߙݏ௜ିଵ െߙݏ௜ିଵ݀௜

௜ିଵߙݏ௜ߠݏ ௜ିଵߙݏ௜ߠܿ
0 0

௜ିଵߙܿ ௜ିଵ݀௜ߙܿ
0 1

൪  (1)            

 
where ܿߠ௜  is defined as ܿߠݏ݋௜  and ߠݏ௜  is defined as 
 ௜.The transformation matrixes between each jointߠ݊݅ݏ
reference frames are as follows, 
 

ܶଵ
଴ ൌ ൦

ଵߠܿ െߠݏଵ
ଵߠݏ ଵߠܿ

0 0
0 0

0 0
0 0

1 0
0 1

൪                  (2) 

ܶଶ
ଵ ൌ ൦

ଶߠܿ െߠݏଶ
0 0

0 0
െ1 0

ଶߠݏ ଶߠܿ
0 0

0 0
0 1

൪               (3) 

ܶଷ
ଶ ൌ ൦

ଷߠܿ െߠݏଷ
0 0

0 0
1 ݈ଵ

െߠݏଷ െܿߠଷ
0 0

0 0
0 1

൪              (4) 

ܶସ
ଷ ൌ ൦

ସߠܿ െߠݏସ
0 0

0 0
െ1 0

ସߠݏ ସߠܿ
0 0

0 0
0 1

൪               (5) 

ܶହ
ସ ൌ ൦

ହߠܿ െߠݏହ
0 0

0 0
െ1 െ݈ଶ

ହߠݏ ହߠܿ
0 0

0 0
0 1

൪           (6) 

ܶ଺
ହ ൌ ൦

ହߠܿ െߠݏହ
0 0

0 0
1 0

െߠݏହ െܿߠହ
0 0

0 0
0 1

൪               (7) 

 
 Consequently, the transformation matrix solution 
describes the end effector frame 	ሼ6ሽ	 relative to the 
fixed frame ሼ0ሽ. ܶ଺

଴  is 
  

ܶ଺
଴ ൌ ܶଵ

଴ ∙ ܶଶ
ଵ ∙ ܶଷ

ଶ ∙ ܶସ
ଷ ∙ ܶହ

ସ ∙ ܶ଺
ହ              (8) 

 
3.2 Inverse Kinematics 
 The inverse kinematics are an analysis to 
determine all joint angles for a given effector position 
and orientation. The given end effector configuration, 
ܶ଺
଴ , can be written as 
 

ܶ଺
଴ ൌ ቎

݊௫ ௫݋
݊௬ ௬݋

ܽ௫ ௫݌
ܽ௬ ௬݌

݊௭ ௭݋
0 0

ܽ௭ ௭݌
0 1

቏                    (9) 

 
where ሬ݊Ԧ  is the normal vector, ݋Ԧ  is the orientation 
vector, Ԧܽ is the approach vector and ݌Ԧ	is the effector’s 
position vector as shown in Fig 1. 

By solving the algebraic equations [10][11] 
and the property of orthogonal rotation matrixes, the 
joint variables for a given effector configuration are 
presented as follows ; 

ସߠ ൌ ,ସߠ2ሺܿ݊ܽݐܣ ට1 െ ସߠܿ
ଶሻ            (10) 

where 

ସߠܿ ൌ
௟భ
మା௟మ

మି௣ೣ
మ
ି௣೤మି௣೥మ

ଶ௟భ௟మ
; 

 

଺ߠ ൌ ,2ሺܾ݊ܽݐܣ ܽሻ ൅ 2ሺඥܽଶ݊ܽݐܣ ൅ ܾଶ െ ܿଶ, ܿሻ 
                                                                               (11) 
where ܽ ൌ 2݈ଶ൫݋௫݌௫ ൅ ௬݌௬݋ ൅  ,௭൯݌௭݋

 ܾ ൌ 2݈ଶ൫݊௫݌௫ ൅ ݊௬݌௬ ൅ ݊௭݌௭൯, 

 ܿ ൌ ݈ଵ
ଶ െ ݈ଶ

ଶ െ ௫݌
ଶ
െ ௬ଶ݌ െ  ;௭ଶ݌
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ଶߠ ൌ ,ଶߠݏ2ሺ݊ܽݐܣ  ଶሻ                        (12)ߠܿ

where  

ଶߠݏ ൌ
ଵ

௟భ
ඩ
ቀ݌௬ െ ݈ଶ൫െ݋௬ܿߠ଺ െ ݊௬ߠݏ଺൯ቁ

ଶ

൅൫݌௫ െ ݈ଶሺെ݋௫ܿߠ଺ െ ݊௫ߠݏ଺ሻ൯
ଶ

   , 

ଶߠܿ ൌ
௭݌ ൅ ݈ଶሺ݋௭ܿߠ଺ ൅ ݊௭ߠݏ଺ሻ

݈ଵ
; 

 

ଵߠ ൌ ଵ,ට1ߠ2ሺܿ݊ܽݐܣ െ ଵߠܿ
ଶሻ           (13) 

where 
ଵߠܿ ൌ ሾെ݌௫ ൅ ݈ଶሺെ݋௫ܿߠ଺ െ ݊௫ߠݏ଺ሻሿ/݈ଵߠݏଶ ; 
 
 
ଷߠ  ൌ ,ଷߠݏ2ሺ݊ܽݐܣ  ଷሻ                        (14)ߠܿ
where 

ଷߠݏ ൌ
൛௖ఏల൫௢ೣ௦ఏభି௢೤௖ఏభ൯ା௦ఏల൫௡ೣ௦ఏభି௡೤௖ఏభ൯ൟ

௦ఏర
  , 

ଷߠܿ ൌ ሼെܿߠ଺		ሾܿߠଶ		ሺ݋௫		ܿߠଵ ൅ ଵሻߠݏ		௬݋
൅ ሿ	ଶߠݏ	௭݋ െ ଵߠܿ	ሺ݊௫	ଶߠሾܿ	଺ߠݏ
൅ ݊௬	ߠݏଵሻ ൅ ݊௭	ߠݏଶሿሽ/ሺߠݏସሻ; 

 
ହߠ  ൌ ,ହߠݏ2ሺ݊ܽݐܣ  ହሻ                        (15)ߠܿ
where 
ହߠݏ ൌ ሾܽ௫ߠݏଵܿߠଶ ൅ ܽ௬ܿߠଵߠݏଶ െ ܽ௭ܿߠଶሿ/ߠݏସ  , 

ହߠܿ ൌ ൛ܿߠ଺ൣെߠݏଶ൫݊௫ܿߠଵ ൅ ݊௬ߠݏଵ൯ ൅ ݊௭ܿߠଶ൧
െ ଵߠ௫ܿ݋ଶ൫ߠݏ଺ൣെߠݏ ൅ ଵ൯ߠݏ௬݋
൅  .ସߠݏ/ଶ൧ൟߠ௭ܿ݋

 
4. Simulation  

 Gazebo is used in conjunction with the ROS 
software to simulate the controlled response of the 
robot arm. The operating system of the computer is 
Ubuntu 12.04. Gazebo is capable of simulating gravity, 
inertia and control algorithm. A PID control system is 
implemented to control the robot arm motion. The 
function of the PID controller of Gazebo can be 
written as follows; 

ݑ ൌ ݇௣݁ ൅ ݇௜ න ݐ݀	݁ ൅ ݇ௗ
݀݁

ݐ݀
 

where ݇௣  is the proportional gain, ݇௜  is the Integral 

gain,  ݇ௗ is the derivative gain, ݁ is the error of system 
and ݑ is the control signal. 
 In the controlled system, the forward and inverse 
kinematics equations are programmed into ROS 
software in C++ language. In validation of the 
equations, all joint angles are input into the forward 
kinematic algorithm for determination of the end 
effector configuration. After that, the end effector 
configuration is fed to the inverse kinematics 
algorithm to calculate all joint angles. Then, the 
calculated joint angles are used as inputs to Gazebo 
software for simulation. Procedure of the robot arm 
validation and configuration are illustrated in Fig 2.  

 

Forward
Kinematics

Inverse
Kinematics

Simulation

Calculated position 
of the end -effecter

All calculated
angle joints

All desired
angle joints

The simulated 
end-effecter position 

ROS

Gazebo

Fig 2. Validation of the inverse kinematics equation 
 

4.1 Tuning PID gains 
 The Good Gain method is applied in the controller 
for improve its response; they are overshoot, settling 
time and steady-state error. The advantage of the Good 
Gain method is that it is a simple method, easy to 
understand, can be used on the real system or 
simulated system and does not require to get into the 
oscillated state during the tuning. Typical steps for 
tuning PID gains by Good Gain method are               
 i. Adjust ݇௣  until the response of the controller 
gets good stability e.g. smooth response, low 
overshoot and low steady-state error. This gain value 
 is called ݇௣௚௚                                                                    

 ii. Set ݇௜  equal to 
݇௜ ൌ 1.5 ௢ܶ௨ 

where ௢ܶ௨ is the time between the first overshoot and 
first under shoot of the response of the controller 
 iii. Set ݇௣ equal to 

݇௣ ൌ 0.8݇௣௚௚ 

 iv. Set ݇ௗ equal to 
݇ௗ ൌ ݇௜/4 

Then ݇ௗ will be manually adjusted during 
implementation to decrease overshoot and settling 
time. 
  Before tuning PID gains, the default PID gains of 
each joints of Gazebo are ݇௣ ൌ 100, ݇௜ ൌ 0.1, ݇ௗ ൌ
1 and the responses of each joint are shown in Fig 3.  
 After tuning PID gains by Good Gain method and 
adjusting  ݇ௗ  during implementation, the simulation 
responses of each joint are shown in Fig 3. The 
corresponding gains are presented in Table 2. 
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Table. 2 The tuned PID gains of each joints by Good 
Gain method and adjusted ݇ௗ  
Joint ݇௣௚௚ ௢ܶ௨(s) ݇௣ ݇௜  ݇ௗ 

1 1000 1.2 800 1.8 10 
2 1000 0.88 800 1.32 100 
3 100 0.98 80 1.47 40 
4 1000 0.9 800 1.35 10 
5 80 1.18 64 1.77 30 
6 100 0.84 80 1.26 30 

Time (s)

0 2 4 6 8 10 12 14 16 18

A
ng

le
 (

d
e

g
re

e
)

0

5

10

15

20

25

Desired angle
Before PID tuning
After PID tuning

 
(a) Joint 1 response 
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(b) Joint 2 response 
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(c) Joint 3 response 
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(d) Joint 4 response 
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(e) Joint 5 response 
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(f) Joint6 response 

Fig 3. The response of the controlled robot arm on 
each joint.  

 
 The response of the system; overshoot, settling 
time and steady-state error are shown in  Table. 3. The 
system responses are compared between the default 
PID gains and the tuned PID gains based on Good 
Gain method and adjusted	݇ௗ . 
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Table. 3 The system characteristics of the joint 
responses. 
Joint Before PID tuning After PID tuning 

OS 
( % ) 

 ௦ݐ
(s) 

݁௦௦ 
(°) 

OS 
( % ) 

 ௦ݐ
(s) 

݁௦௦ 
(°)

1 17.14 11.7 1.22 2.86 5.08 0.114
2 6.14 7.26 1.15 1.17 4.341 0.15 
3 20.88 7.94 0 0.15 4.66 0 
4 3.95 11.2 1.66 1.27 5.12 0.172 
5 11.01 7.2 0 2.78 6.781 0 
6 7.21 7.09 0.114 0.64 8.337 0.02

 
The results are in Table. 3 where OS is the overshoot 
-௦ is the settling time (s) and ݁௦௦ is the steadyݐ ,( % )
state error (degree). 
 The result shown that steady-state error can be 
improved by Good Gain method tuning but overshoot 
and settling time are higher than of the default PID 
gain because ݇௣ and ݇௜	increase	 then	݇ௗ	is	 adjusted	
to	decrease	overshoot	and	settling	time.	
	
4.2 Control of the Robot Arm Positioning   

The initial joint angles of the robot arm in 
simulation are given ߠଵ ൌ 0°, ଶߠ	 ൌ 90°, ଷߠ	 ൌ 0°,
ସߠ ൌ 90°, ହߠ ൌ ଺ߠ	݀݊ܽ	0° ൌ 0° . The corresponding 
end effector initial position is  

 

ܶ଺
଴ ൌ ቎

െ1 0
0 0		

0 	279.13
െ1 0

0 െ1
0 			0

0		 363.26
0		 1

቏. 

 
The initial joint angles of the robot arm configuration 
are shown in Fig. 4. When grasp objects on the table, 
This position of the robot arm will not hit the table 
because the robot arm is above the table. 

 

 
Fig. 4 The initial position and orientation of the robot 

arm. 
 One of a desired configuration of the robot arm is 
set as following joint angles: ଵߠ	 ൌ 20°, ଶߠ	 ൌ
70°, ଷߠ	 ൌ 0°, ସߠ ൌ 80°, ହߠ ൌ ଺ߠ݀݊ܽ	20° ൌ 0°.  

Accordingly, the analytical end effector desired 
position is  
 
ܶ଺
଴

ൌ ቎

െ0.647742 െ0.469846
െ0.599729 െ0.17101

0.599729 417.154
െ0.781716 151.832

0.429846 െ0.866025
0 0

െ0.17101 219.124
0 1

቏ 

 
 In the simulation, the final robot arm 
configuration is shown in Fig. 5. The end effector at 
the desired robot configuration is 
 
ܶ଺
଴

ൌ ቎

െ0.647742 െ0.469846
െ0.599729 െ0.17101

0.599729 417.154
െ0.781716 151.832

0.429846 െ0.866026
0 0

െ0.17101 219.124
0 1

቏ 

 
 By comparing the analytical and simulation 
results of the effector transformation matrix, it shows 
that they are very close. The minor error is caused by 
substituting ߨ  value of 3.14159. Thus, the proposed 
forward and inverse kinematics solutions are validated.  
 

 
Fig. 5 The position and orientation of the robot arm at 

a desired configuration. 
 

 The end effector’s trajectory in Cartesian space is 
shown in Fig. 6. The settling time of travel to the 
desired configuration is 7.2 second. The curve 
trajectory is caused by Point-to-Point (PTP) control 
[12]. The PTP control is a slew motion that all joint 
start simultaneously at the default joint speed. The end 
effector’s trajectory is the result from motion of all 
links in the working space. In simulation, the default 
joints speed 0.5 rad/s. For PTP control, the robot arm 
moves from the start point to the desired point 
regardless what the path is. 
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Fig. 6 The end effector trajectory. 
 

5. Conclusion 
 Kinematics and control algorithm are critically 
important for controlling of the robot arm. Forward 
kinematics and inverse kinematics of the a 6-DOF 
robot arm for a service robot analyzed based on the   
D-H representation, algebraic equations and properties 
of the orthogonality are presented in the paper and are 
validated by the simulation of the end effector’s robot. 
The PID gains are tuned by Good Gain method and 
later fine adjusted during implementation. When 
tuning PID gains, the controlled responses of each 
joints had better performance. The controlled robot 
arm system has low steady-state error, low overshoot 
and low settling time. The settling time of travel to a 
position (x = 0.417 m, y = 0.151 m, z = 0.219 m) is 7.2 
second. 
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