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Abstract 
Bi-materials joints are being used in various engineering applications. In a bi-materials joint, a very high 

stress can occur at the corner of the joint even for low mechanical loadings, due to the differences of 
Young’s modulus of each material which can lead to a structural failure. In this study, the finite element 
method (FEM) was used to determine stresses and displacement of the joints, and it was found that after 
low mechanical loading were applied to the bi-materials joints, the plastic deformation occurred. 
Consequently, to determine the behavior of elasto-plastic stress singularity field around the singular point 
of the bi-material joint, the ratio of different Young’s modulus and the plastic property in stress-strain curve 
for the lower Young’s modulus material were varied. 
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1. Introduction 
In linear elasticity, stress solutions involving 

singular stresses have been investigated by many 
researchers. In contrast to elasto-plastic material, 
the bi-material joint were few to investigate. From 
previous studies, the stress singularity may occurs 
at the vertex of the bi-material joint due to the 
difference of dissimilar materials properties [1] . 
These difference can leads to ineffective of 
reliability for the bi-material joint, while some 
researchs clarify that stress singularity does not 
exist in the real materials. The materials are 
subjected to the plastic flow after reached the yield 
stress, causing the stress to increase rapidly and 
reaches the finite value [2],[3] and maybe 
disappear with various reasons. In bi-material joint 
contact, one can be assumed that the hard 
material will behaves as elastic response, only soft 

material will behaves as elasto-plastic material 
because the plastic strain in soft material can be 
considered to be very large [4]. In order to 
investigate the stress singularity, refined mesh with 
small element size is needed in order to collect the 
steep stress near the corner vertex of the bi-
material. Many researchers have been 
investigating new method for large increment in 
order to decrease the mesh count [5]. There’re 
many elasto-plastic materials models that have 
been used in various studies, in this study plastic-
material was assumed to be in the form of rate-
independent power law strain hardening materials 
[6]. The overall aim is to study the structure of the 
bi-material-joint stress field near the corner in two-
dimensional stresses.  

columns with single spacing and the following 
margins. 
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In a bi-material joint there are many factor 
which influence the crack initiations. Constraints in 
fracture mechanics is a term that widely used yet 
few has been investigated in bi-material joint 
problems, the near-tip stress state or stress 
distribution ahead crack-tip, as the factor or 
conditions which influence the crack driving force. 
These would lead to understand for the 
characteristics of the stress fields around a singular 
point on the stress singularity for elasto-plastic 
biomaterial joint problems. The effected of material 
response from nearly linear-elastic to elasto-
perfect plastic material also the influence from the 
ratio of Young’s modulus between two materials. 
 

2. Method and range of investigation 
The considered problems have been 

investigated by the finite element method, using 
the MSC.Marc/Mentat FEM Application developed 
by MSC.Software Corporation. The program can 
solve non-linear 2-D problems with elasto-plastic 
material response. This paper is focused and 
organized as follows: the studies of stress 
distribution ahead corner of the joint when plastic 
material variable “n-exponent” were varied and 
when vary Young’s modulus ratio between two 
materials. The simulation setup value is shown in 
Table 1 and Table 2 for both studies cases. 

2.1 Elastic and elasto-plastic material 
property 

Considering the plastic strain near the vertex 
in lower young’s modulus material has much 
higher plastic strain value than higher one. 
Therefore, it is reasonable to assume the material 
with higher young’s modulus which is behaves as 
a very “hard” material to be elastic material. 

In an elastic material, Young’s modulus will be 
varied to investigate the influence of each variable. 
For elasto-plastic material, plastic deformation 
occurs if the yield strength of the material is 
reached.  

The stress-strain relation of the power law 
hardening material can be expressed as       

  

                  𝜎𝑓 = 𝜎0 (1 +
𝜖
_

𝑝

𝜖0
)

𝑛

 

     
Where 𝜎𝑓 is the plastic flow stress, 𝜎0 is the 

yield stress, 𝜖
_

𝑝 is the equivalent plastic strain, 𝜖0 
is the yield strain, 𝑛 is the plastic strain hardening 
exponent, and also shown in Fig. 1. These curves 
shown the behavior of elasto-plastic materials 
ranging from nearly elasto-perfectly plastic material 
to more linear elastic material. The material 
properties used in this study are given in table 1. 
The yield behavior is indicated by Von Misses’s 
Stress yield criteria. 

 

 
 

Fig. 1 stress-strain relationship 
 

  

(1) 
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Table 1 Material properties used in  E ratio 
comparison case 

Type 
Young’s 
modulus 
(MPa) 

Material 
response 

Yield 
strength 
(MPa) 

Poisson’s 
ratio 

Hard 
250,300, 
350,400, 

500 
Elastic - 0.3 

Soft 25 
Elasto-
Plastic 
(n=0.3) 

3 0.3 

 
Table 2 Material properties used in n-exponent 
comparison case 

Type 
Young’s 
modulus 
(MPa) 

Material 
response 

Yield 
Strength 
(MPa) 

Poisson’s 
ratio 

Hard 250 Elastic - 0.3 

Soft 25 

Elasto-
Plastic 

(n=0,0.2,
0.4,0.6, 

0.8) 

3 0.3 

 
3.2 Finite element method 
Finite element method (FEM) was used in this 

study to determine the approximate solution where 
the displacement formulation for an 𝑒  nodes 
element is expressed as the following equation. 

 

            𝑢𝑖 = ∑ 𝑁𝑛 𝑢
_

𝑖 𝑛

𝑒

𝑛=1

 

 
Where 𝑢𝑖  is the displacement in direction, 

 𝑢
_

in  is the displacement at node, 𝑛  associated 

with direction 𝑖. 𝑁𝑛 is the interpolation function at 
node 𝑛. 

 The model used in this study is two-
dimensional model with 2-D Quadrilateral Element; 
Quad 4 in MSC.Marc. This element class consists 
of four-noded isoparametric elements with bilinear 
interpolation. The element is formed by mapping 
from the x-y plane (Global Coordinates) to the 𝜉, 
𝜂 plane (Local Coordinates) see Fig. 2. There are 
2 degrees of freedom for each node which is 𝑢𝑥 
(displacement in the global x direction) and 𝑢𝑦 
(displacement in the global y direction). 

 

 
Fig. 2 Mapping global coordinate to local 
coordinate 

 
3.3 Finite element analysis Model and 

boundary conditions 
The finite element model of the problems is 

shown in Fig. 3. The element is two-dimensional 
and considering plane stress. A very fine mesh 
zone indicated in the Fig. 3 was used close to 
interesting area near the corner. These area will 
leads to stress singularity when bi-materials 
subjected to even small load.  

The main reason why mesh needed to be 
refine was to capture the steep stress gradient 
expected at that region as shown in Fig. 4. The 
smallest elements in the finite element model, for 
this study had a 0.2648×10-2 nm radius. 

 

(2) 
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Fig. 3 Finite Element Model in this study with 

refined mesh zone at the corner of the bi-material 
joint. 

 

 
Fig. 4 refined mesh zone near the corner of the 

joint 
 

4. Results and discussions 
Fig. 5 shows the solutions for the stress 

distribution ahead the corner vertex of bi-material 
with different elasto-plastic material response. It 
can be found that the singularity in plastic zone 

becomes larger and stress distribution near the 
corner approaches infinite when increasing the n-
component of power law hardening stress-strain 
relationship from equation (1). In contrast with 
plastic zone, in elastic deformation zone, stress 
singularity tends to occurs with much higher slope 
with decreasing of n-component in power law 
hardening stress-strain relationship. 

One can see that for n-component is “0” 
(elasto-perfectly plastic), singularity in plastic zone 
were disappear.  

Fig. 6 shows that when ratio of young’s 
modulus is increasing, the plastic deformation zone 
will larger, also the stress singularity is much 
higher in both elastic deformation zone and plastic 
deformation zone.  

 
5. Conclusion 

From an elasto-plastic stress analysis we can 
evaluate the plastic zone in and elasto-plastic 
material joint using FEM. Therefore we can 
conclude:  

For elasto-plastic materials stress singularity in 
plastic deformation zone tends to increase with 
more linear like behavior material; where n 
approaching value of “1”. 

(1) In elastic deformation zone stress 
singularity tends to increase with more 
perfectly-plastic like behavior material; 
where n approaching value of “0”. 

(2) For elasto - perfectly plastic materials 
singularity in plastic zone were disappear 
and required further investigation. 

(3) The intensity of stress singularity may be 
applicable to bi-material models where 
non-linear materials are involved, except  
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for elastic-perfectly plastic case. 
 

 
Fig. 5 Stress distribution for differrent 

n-exponent with Young’s Modulus for hard 
material = 250MPa 

 

 
Fig. 6 Stress distribution for differrence 

Young’s modulus ratio with n-exponent = 0.30 
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