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Abstract
The so-called flat shell triangular element is commonly used for plate structural analysis by finite
element method (FEM). This element type is a combination of membrane and plate bending elements for
plane stress and plate bending problems, respectively. Without any special treatment, solving plate
structural problems by this approach leads to a numerical singularity problem due to the lack of in-plane
rotation variable. The constant strain triangular (CST) element deals with the singularity difficulties by
assuming a fictitious rotational stiffness. On the other hand, the Allman triangular (AT) element includes
an in-plane rotational degree of freedom to avoid the singularity problem. In this study, both membrane
elements were combined with the Discrete Kirchhoff triangular (DKT) plate bending element to solve plate
structural problems. The performances of the two element combinations have been evaluated by several
numerical examples. The numerical solutions obtained from both of the element combinations are in
agreement with exact solutions when FEM mesh used is sufficiently fine. However, the AT and DKT
element combination could suffer membrane locking problem in some cases when using relatively coarse
mesh.
Keywords: Plate structural analysis; Finite element; Flat shell triangular element; Constant strain

triangle; Allman triangle

1. Introduction

In plate structural analysis by finite element
method (FEM), the derivation based on shell
element involves the complexity and
complications in computing the element curvature.
Therefore, another approach based on the
assemblage of flat-faced elements, i.e. the so-
called flat shell triangular element, has been

widely employed [1]. This element type is a

combination of membrane and plate bending
elements which are commonly used in plane
stress and plate bending analyses, respectively.
Membrane element contains two in-plane
translational degrees of freedom while plate
bending element has one out-of-plane
translational degree of freedom and two rotational
degrees of freedom. Although the in-plane

rotational degree of freedom does not exist in the



CST-1012

membrane element formulation, it can appear
after the co-ordinate transformation from local to
global [2]. If all elements sharing a node are
coplanar, the absence of the in-plane rotational
degree of freedom leads to zero values in the
stiffnress matrix and therefore results in the
numerical singularity problem [1-3].

There have been two membrane elements
proposed for tackling the singularity issue, which
are the constant strain triangular (CST) and
Allman triangular (AT) elements. The CST
element assumes the stiffness for in-plane
rotational degree of freedom [1-6]. On the other
hand, the AT element is a higher order
membrane element including the in-plane
rotational degree of freedom [7-9]. In this work,
the performances of the CST and AT elements
have been compared. Both membrane elements
were combined with the widely-used discrete
Kirchhoff triangular (DKT) plate bending element

[10] to solve several plate structural problems.

2. Governing Equations
The governing equations for the in-plane
deformation and transverse deflection of a plate
lying in a local x-y coordinate system are briefly

described in this section.

2.1 In-Plane Deformation
The in-plane deformation is governed by the

two-dimensional equilibrium equations [11]:

or
90: 9% L p =g (1)
ox oy ’
and
or,, 0o,
2 ).
ox Oy

The stress components o

x ?

o, and T, are

related to the strain components by Hooke’s law:
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where {o} and {&} are defined by:
{U}T = LUX o, TWJ (4)
and
(e} = V—” il %JFQJ (5).
Oox 0Oy Oy Ox

For plane stress problem, the material stiffness

matrix [C] is:

1 v 0
[C]=1 Slv 1 0 (6).
o 0 a-v)/2

2.2. Transverse Deflection
The transverse deflection w in z-direction
normal to the x-y plane of a thin plate is given by
the equilibrium equation [12]:
otw  20*'w  o'w
+ + =pl(x,y (7)
(6)(4 6x26y2 ay4 ( )

where p(x,y) is the applied lateral load normal

to the plate and D is the bending rigidity defined
by:
Ef’
D = — (8)
12(1-v?)
where E is Young's modulus, v is Poisson’s

ratio and ¢ is thickness of the plate.

3. Finite Element Derivation

The FEM derivation for plate analysis by
using the two element combinations, CST+DKT
and AT+DKT, is presented in this section.

3.1 Constant Strain Triangle (CST)

The three-node CST element assumes a
linear displacement distribution over the element.
The FEM equations can be derived by applying
the method of weighted residuals to the governing

differential equations for the in-plane deformation,
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Egs. (1) and (2), leading to the FEM equations in

the form:

[K.]{0,} = {F.} ©)
where the vector {§,} contains the element
nodal unknowns of the in-plane displacements in
x and y directions. There are two in-plane
displacements (v and v) per node, i.e. six

unknowns per element.

The element stiffness matrix [K,,] in Eq. (9)
is defined by:
[&,]=[8,] [C.][B,] (10)

where the strain-displacement interpolation matrix
[B,] is given in Ref. [11]. The vector {F,} on
the right-hand-side of Eq. (9) contains the applied
mechanical forces at element nodes in x and y
directions.

3.2 Allman Triangle (AT)

The three-node AT element is a plane
triangular element with two displacements and
one rotation at each corner as shown in Fig. 1(a).
In the element, the tangential and normal
displacements u, and u, along the side of the
triangle are assumed to have linear and quadratic
distribution, respectively [7]. For example, along

edge 1-2, edge-tangent displacement is:

s s
u,=|1-——u, +—u, (11)
- e,

where L, is the length of edge 1-2 and the edge-

normal displacement is:

s s 4s K
L= 1= |t +—u,, +—| 1—— |u, (12).
’ [ LJ L, ls[ ls]

The mid-edge normal displacement is relative

to the straight-edge condition:

Uyio :%(912 _Hzl) (13

~

where 6, and 6., are in-plane nodal rotations.

Considering the area coordinates of triangle [2],
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the element displacements along x and y

directions are:

u=ug; +uyG, +uyds +4u,, c0s6:6,8,

+4u,,,c080,5,65 +4u,;, cos 6,456, (14)
and
V=G, + 0,8, + 1305 +4u,, sinb, 8¢,

+4u,5,8In 60,05 + 4u,3, 8in 6,858, (15)

where 6, is the angle between the x axis and the
outward normal to the edge of length L,. From
the displacement fields in Egs. (14) and (15), the
Allman triangle element stiffness matrix can be
constructed.

Considering the six-node linear strain triangle
element (LST) [2] in Fig. 1(b), the displacements

in x and y directions of node 4 can be written as:

1 1 y
Uy = +2u2 —?2(012 -0.) (16)
and
1 1 X,
v4=5vl+§v2+?2(9d—0ﬂ) (17).

For nodes 5 and 6, the expression of the
displacements can be written in the same pattern.
Therefore, the relation between the LST and the

Allman triangle is

{6} =[T{S} (18)
where

S ={m v u g vel (19)
and

(S ={uw, v 6, - uy vy 65} (20).
[T] is the 12x9 transformation matrix described
in Ref. [13]. Consequently, the stiffness matrix of
the Allman triangle can be obtained from the
stiffnress matrix of the LST triangle by the

relationship:

[kA] = [T]T [kLST][T] (21).
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Fig. 1 (a) The Allman triangular element.

(b) The linear strain triangular element.

3.3 Discrete Kirchoff Triangle (DKT)

The DKT element assumes a cubic
distribution of the transverse deflection over the
element [10]. The FEM derivation can be carried
out by applying the method of weighted residuals
to the governing equation for the transverse
deflection, Eq. (7), leading to:

[K,){8) = {7 @2)
where the vector {5,} contains the element
nodal unknowns of the transverse deflections and
rotations.

Each node has a transverse deflection in z-
direction and two rotations about x and y
directions, which are w, 8,_and 9‘ respectively.
Therefore, there are nine degrees of freedom per
element. The element stiffness matrix [K,] and
the nodal force vector due to the applied lateral

loads {Fb} are defined by:

[&,1=[[8,] [D][B,]aA (23)
and
(F,}= I[N,, | pda (24)

where the strain-displacement interpolation matrix
[B,] is:
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(e 5] 12 e (5]
where L5, L5, and {—= are
o& on o0& on

given in Ref [10]. The closed-form FEM matrices

directly used for computer programming are

described in Ref [14].

3.4 In-plane rotation stiffness
The FEM equation for flat shell element can

be written in the form:
[K](ele) {5}(618) _ {F}(ele) (26)

. cle .
The unknown vector matrix {5}“) consists of

six degrees of freedom (i.e., u,v, w, 6., 0
0. ) per node. For the combination of CST and
DKT elements, the element stiffness matrix for
each node, K", which is the superposition of
[K,,] and [K,] from Egs. (10) and (23) can be
written as:
[Kuilo 0L, O
Ki(elg) = [0]3><2 [Kbi]3><3 0 (27)
0 0 0
The element stiffness matrix contains zero
values of the stiffness corresponding to the in-
plane rotational degree of freedom, &, (or drilling
degree of freedom [1]). If any node is surrounded
by coplanar elements, the stiffness matrix
becomes singular. To deal with this problem, the
stiffness for the drilling degree of freedom is
approximated as [1-2]:
I 05 -05
K,,=aFAt|-05 1 -05 (28)
Z -05 -05 1
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where E is Young's modulus, A is element area,

t is element thickness and « is an arbitrarily

chosen number (107 for the present study).

4. Numerical Evaluation
Three numerical examples were used to
evaluate the performances of the two element

combinations, CST+DKT and AT+DKT.

4.1 Pure Bending of Square Plate
The 2x2 m’ square plate in Fig. 2 is
subjected to the load 7, along left and right
edges with the amplitude of o,,= 100 Pa [7]. The
Young’s modulus, Poisson’s ratio, and thickness

of the plate are 190 GPa, 0.3, and 0.01 m

respectively. The load T, varies along y direction
as:

T, = 2(%)% (29).

For this problem, the exact solutions of the in-

plane displacement are [7]:

u=2| 20 |2 (30)
E )L
and
2
y=— GOo | X +VYy (31).
E L
y
O T A %
L=2m -4,
—0y %
L

Fig. 2 Pure bending of a square plate.

Since the problem is symmetrical, a quarter
of the plate was modeled as depicted in Fig. 2.

The plate is modeled by uniform mesh of 2x2 (9
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nodes), 4x4 (25 nodes), 8x8 (81 nodes) and
10x10 (121 nodes) intervals. Figs. 3 and 4 show
the computed displacements in x and y directions
along the top edge by using 121 nodes. The
results suggest that both CST+DKT and AT+DKT
element combinations give accurate displacement
values at this mesh size.

Figs. 5 and 6 show the calculated
displacements at position A in Fig. 2 in x and y
directions, respectively. The numerical results are
closer to the exact solutions when node number
increases. It is noticeable that the solution
accuracy of the AT+DKT element combination is
slightly better than that of the CST+DKT (Figs. 5
and 6). This can be attributed to the fact that the
order of interpolation function of the AT element

is higher than that of the CST element.

6E-10 4
5E-10 1
4E-10 A
E
= 3E-10 A
2E-10 1 exactsolution
A AT
1E-10 1 *+ CST
0 T T T T
0 0.2 0.4 0.6 0.8 1

x(m)
Fig. 3 Result comparison for the displacement in

x-direction along the top edge.
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x(m)

-1E-10

£ -2E-10
-
exact solution
-3E-10 A
A AT
¢ CST
-4E-10 -

Fig. 4 Result comparison for the displacement in

y-direction along the top edge.

5.4E-10 1
5.2E-10 A —
5.0B-10 1 &'{"{//
£ i
~ 48E-10 A A
= /] .
/i = = = exactsolution
46E-10 { /! A AT
A
f ---4--- CST
44E-10 { /
.
4.2E-10 T T ]
0 50 100 150

numberof nodes

Fig. 5 Result comparison for the displacement in

x-direction at point A in Fig. 2.

numberof nodes

0 50 100 150
28E-10 1 - . ,
-2.9E-10 1
3.0E-10 A A\"‘ = = =exactsolution
~ \“ _ .
g Vi A= AT
= 3UE-10 { \}
= \4 - CST
\\
-3.2E-10 1 K
-3.3E-10 1 S
A
BAB10 1 _ _ o __ é\ L
-3.5E-10 -

Fig. 6 Result comparison for the displacement in

y-direction at point A in Fig. 2.
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The cylindrical shell in Fig. 7 is subjected to
the point load P of 100 N [15]. The shell has the
length L of 10.35 m, radius R of 4.953 m,

4.2 Cylindrical Shell

thickness of 0.094 m, Young’s modulus of
10.5x10° N/m” and Poisson’s ratio of 0.3125. Due
to the geometrical symmetry, only one eighth of
the cylinder was modeled as illustrated in Fig. 8.
Four mesh sizes, which are 2x2 (9 nodes), 4x4
(25 nodes), 8x8 (81 nodes) and 10x10 (121

nodes), were used for mesh sensitivity study.

P
L2 L2

~——|®

Fig. 7 Cylindrical shell under a point load.

Fig. 9 shows the computed displacement
values in z-direction at point A compared to the
exact solution. The numerical results are closer to
the exact solution with increasing node number.
In this problem, the CST+DKT and AT+DKT
element combinations give similar z-direction

displacement for every mesh size used.

PH

“AW MA
AVAWA
%ﬁm g

Fig. 8 FEM model of the cylindrical shell problem
in Fig. 7.
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numberof nodes

0 50 100 150
0.08 ' : :
-0.09 A = = =exactsolution
Q —A— AT+DKT
= \
g N e
< 010 - \ #---- CST+DKT
2 kY
kY
'
0.11 A T
-0.12 -

Fig. 9 Result comparison for the displacement in
z-direction at point A in Fig. 7.

4.3 Pinched Hemispherical Shell

Fig. 10 shows a hemispherical shell with a
18° hole on the top subjected to two pairs of
equal (F = 2 N) but opposite concentrated loads
(applied in the z=0 plane and along x and y axes)
[15]. This numerical example was commonly used
to test the problem of membrane locking of shell
elements [15]. The hemispherical shell has the
radius R of 10 m, thickness of 0.04 m, Young’s
modulus of 6.825x10° N/m” and Poisson’s ratio of

0.3.

Fig. 10 Pinched hemispherical shell.
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Fig. 11 FEM Model of the pinched hemispherical
shell problem in Fig. 10.

Only a quarter of the shell can be modeled
due to its symmetry, as illustrated in Fig. 11. To
check mesh sensitivity, six mesh sizes were used,
which are 10x10 (121 nodes), 16x16 (289 nodes),
20x20 (441 nodes), 24x24 (625 nodes), 32x32
(1089 nodes) and 40x40 (1681 nodes). Fig. 12
shows the calculated displacement values in x-
direction at point A compared to the exact
solution. The CST+DKT element combination
gives acceptable solution accuracy in every mesh
size used. On the other hand, solutions from the
AT+DKT element combination are relatively far
from the exact solution when using 121 and 289
nodes. This can be attributed to the problem of
membrane locking. However, the effect of
membrane locking seems to disappear when finer
mesh was used. At 1089 and 1681 nodes, the
CST+DKT and AT+DKT element combinations

give similar x-direction displacement solutions.

fon
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A e
0.05 - #--- CST+DKT
0.04 T T T
0 500 1000 1500
number of nodes
Fig. 12 Result comparison for the displacement in

x-direction at point A in Fig. 10.

5. Conclusions

The performances of the CST+DKT and
AT+DKT element combinations in plate structural
analysis have been compared. Both element
combinations give acceptable numerical solutions
in most cases if FEM mesh is sufficiently fine.
The results suggest that the solution from the
AT+DKT element combination is slightly more
accurate than that from the CST+DKT element.
This is probably due to the fact that the
interpolation function of the AT element has a
higher order than that of the CST element.
However, the use of the AT+DKT element
combination could experience membrane locking

problem in some cases at relatively coarse mesh.
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